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Abstract

I model individuals working on a long-term task who, due to projec-
tion bias, underestimate changes in marginal disutility. At the start of
each day when current marginal disutility is low, such individuals over-
estimate how much they will work, and as they grow tired from working,
they plan to work less and less. Despite these fluctuating plans, when
they face decreasing returns to effort they work optimally, yet if they
commit in advance, they overcommit. When facing increasing returns,
they may repeatedly start and quit, working when rested only to give
up as they grow tired. In all-or-nothing tasks, start-and-quitting can
lead to wasting effort on never-to-be-completed tasks, or to completing
them by working inefficiently little early on.
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1 Introduction

Our tastes fluctuate, often rapidly: we grow tired and thirsty from running, and
we savor food or crave coffee more the longer we go without. Furthermore, evi-
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dence from a variety of domains suggests that we misperceive future tastes as being
closer to our current tastes than they will be (Loewenstein, O’Donoghue, and Rabin
(2003)).1 This projection bias can trigger undesirable and unintended habits and
behaviors, such as buying too much when shopping on an empty stomach, or be-
coming addicted due to under-appreciating the future intensity of cravings. In this
paper, I theoretically study effort choices where the distaste for work changes over
time, such as when students grow bored of studying or employees become tired of
working. Due to projection bias, individuals mispredict future disutility of work,
which causes them to overcommit, to waste time on a task they do not complete,
and to spend too much time on short-term at the expense of long-term tasks.

In my model, formalized in Section 2, an agent faces a single long-term task that
she can work on by a fixed deadline. The agent starts each day rested, works
continuously on the task, and stops working the moment she perceives stopping to
be optimal given the monetary benefits and the perceived disutility from work. The
instantaneous disutility from continuing to work is equal to D′(s), which increases
with the total time s she has worked so far that day. She misperceives her future
disutility due to projection bias: she predicts that her marginal disutility after
e hours of work lies between her current marginal disutility, D′(s), and her true
future marginal disutility, D′(e). So when she is rested and marginal disutility is
thus particularly low, she underestimates how hard it will be to work on future days,
while when tired and marginal disutility is thus particularly high, she overestimates
it. The main goal of the paper is to study the implications of the changing and
inconsistent plans for future work that result from such misperceptions.

In Section 3, I analyse concave benefits. While the person stops working at the
right time when deciding on the go, she will overcommit if making ex ante choices.
Since she grows more tired the longer she works each day, she underestimates how
unpleasant work will be at the time she stops working. Therefore she overestimates

1Evidence for projection bias has been found for food (Read and Van Leeuwen (1998);
Nordgren, Pligt, and Harreveld (2008)), drink (Van Boven and Loewenstein (2003)), sex-
ual arousal (Loewenstein, Nagin, and Paternoster (1997); Ariely and Loewenstein (2006)),
effortful tasks (Augenblick and Rabin (2019)), heroin substitute cravings (Badger et al.
(2007)), and the endowment effect (Loewenstein and Adler (1995)). Projection bias resem-
bles immune neglect (Gilbert et al. (1998)) whereby people overestimate how long they
will feel bad about negative events. Bushong and Gagnon-Bartsch (2020) additionally find
evidence for interpersonal projection bias for choices over effort.
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at all times how much she will, and should, work – right until the time at which
she should stop. At this point, her current marginal disutility equals the marginal
benefits, and since she perceives her current marginal disutility correctly, she stops
working. At all earlier times, she held overly ambitious plans about how much she
should work. If she had to commit to work, she would therefore overcommit, failing
to realize how painful it would become. This suggests that people accept too many
soft commitments that increase their workload, such as taking on additional work
or promising higher levels of quality.

In Section 4, I consider convex benefits. Consider, for instance, an all-or-nothing
task that pays a fixed benefit only if the person completes a target amount of work.
At the start of the day, the person may plan to work, believing she will complete the
task. Yet, as she grows tired from working, work becomes increasingly less appealing
to the point where she may decide to drop the task and quit working. While she
plans on not resuming work again if she quits, the next day she is rested and may
once again start working, and the cycle repeats. It stops eventually: if the person
makes too little progress on the task, even when rested she no longer starts working;
if she makes enough progress, even when tired she no longer quits. In both cases,
the behavior is optimal given her current progress on the task, but she may have
wasted effort on a task she never actually completes, or worked inefficiently on a
task she does complete.

If we only observe whether a person completed a task or not, does this reveal whether
the task was worth doing? It turns out that task completion reveals little in all
generality. Given the discussion above, if the person never works on the task, then
it was not worth doing; if she works on it efficiently, then it was worth doing.
However, depending on her disutility, she may complete some tasks that are not
even worth doing efficiently (when D′′′ < 0), and she may fail to complete tasks that
are worth doing efficiently (when D′′′ > 0). Only when the disutility is quadratic
does the person fail all tasks that are not worthwhile and complete all tasks that
are worthwhile – although the way in which she completes them may mean that she
would have been better off not working at all.

In Section 5, I extend the basic setup to allow for multi-tasking when facing both
a single long-term task (where benefits depend on total work by the final day) and
a daily short-term task (where benefits depend on daily work). The person works
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too much overall, and under the plausible assumption that short-term tasks have
small additional benefits from being completed earlier in the day, the person works
too little, but increasingly more, on the long-term task. Such benefits occur, for
instance, if early completion signals being valued to her client, a good work ethic
to her boss, or improves coordination with colleagues. But for a projection-biased
person, early completion has a cost: since the decision to stop working on the short-
term task is a partial commitment – already completed work cannot be undone – the
person overcommits by working too much on the short-term task. While working on
the short-term task, she is more rested and overestimates how much she will work
on the long-term task. Once she works on the long-term task, she becomes more
tired, so she plans to allocate more time to the long-term and less to the short-term
task on future days – a plan that she will not implement once rested. Over time,
she realizes that she is falling behind on the long-term task, so she starts to work
more overall every day, allocating more (yet still too little) time on the long-term
task and less (yet still too much) time on short-term tasks.

Finally in Section 6, I compare the behavioral and welfare implications of this model
to those of present bias, self-control, and overconfidence that are relevant in task
management. I highlight some observable behaviors that are hard to reconcile with
these models. Even when a behavior can be explained by other models, the welfare
predictions can differ starkly: present bias and self control suggest that sticking
to the ex ante plans is optimal, while under projection bias the less ambitious in-
the-moment choice may be better. I discuss how data on plans and changes in
willingness to work can be used to measure the contribution of different models.
Section 7 concludes.

1.1 Literature review

My paper builds on the model of Loewenstein, O’Donoghue, and Rabin (2003) who
formalize a model of projection bias and apply it to durable goods consumption, the
endowment effect, and habit formation. I focus on the dynamic labor choices with
projection bias. Since agents repeatedly re-optimize as they grow tired or rested, the
final success of work depends on combining the many decisions made while having
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inconsistent plans.2

From a technical point of view, several related papers study stopping problems under
time-inconsistent preferences, such as Quah and Strulovici (2013), Hsiaw (2013), and
Huang and Nguyen-Huu (2018). In these models, the time inconsistency stems from
present bias or dynamically inconsistent changes in patience, rather than from state
changes that depend themselves on earlier decisions. In the multi-period settings
that I study, the agent no longer faces a single stopping decision, but constantly
re-optimizes. This setup is closest to the model of instant gratification of Harris
and Laibson (2013) and the recursive present bias formulation in Ahn, Iijima, and
Sarver (2020), both of which assume naiveté and allow for repeated decisions to
combine over time to a final outcome such as final savings.

A related question is how partially sophisticated agents may respond to their time
inconsistency due to present bias. They may try to commit to specific actions
(Laibson (1997)), exert costly self-control over their impulsive selves (Fudenberg
and Levine (2006)), or signal to their future selves that they are disciplined so as to
incentivize future self-control. Such signalling can happen by taking costly actions
today (Bénabou and Tirole (2004)) or by seeking peers who reflect positively on
oneself (Battaglini, Bénabou, and Tirole (2005)). While I assume that the agent is
unaware of her bias, I discuss in Section 2 that this allows for an agent who is aware
of but underestimates her projection bias.

My approach may help integrate projection bias into specific economic settings,
in particular to time (mis)management and personnel economics. For instance,
Buehler, Griffin, and Ross (1994) find that students believe that they will finish
their bachelor’s thesis earlier than they actually do – which they explain by stu-
dents underestimating the number of hours necessary for the task. Projection bias
provides a complementary explanation that people overestimate how much they will
work. Regarding my results on multi-tasking, Coviello, Ichino, and Persico (2015)
and Bray et al. (2016) find empirical evidence that multi-tasking decreases produc-
tivity. Coviello, Ichino, and Persico (2014) show that workers may engage knowingly
in intrinsically inefficient multi-tasking due to lobbying by co-workers and superiors.

2Herrnstein and Prelec (1991)’s model of melioration under distributed choices is some-
what related, but differs substantially in the sense that plans don’t matter in their model,
while they are central to the results in my paper.
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With projection bias, even if multi-tasking is not intrinsically inefficient, such lob-
bying will lead workers to multi-task inefficiently. Given the possibly large welfare
losses under inconsistent behavior, my results highlight the potential to expand the
study of projection bias beyond domains with large swings in taste (Levy (2009);
Chaloupka, Levy, and White (2019); Chang, Huang, and Wang (2018)) and binding
choices (Conlin, O’Donoghue, and Vogelsang (2007); Busse et al. (2015); Buchheim
and Kolaska (2017); Michel and Stenzel (2020)) to everyday choices with smaller,
repeated changes in taste.

2 A Model of Projection Bias in Effort
Choices

2.1 The Formal Model

Environment Consider a setup with two continuous dimensions of time: in each
(continuous-time) period x ∈ [0, 1) – informally a day – a person works for a single
block of time ex – informally hours. Thus ex is the flow effort in period x from
which the person incurs a flow disutility equal to D(ex), where D(·) is continuously
differentiable, with D(0) = 0, D′′(0) ≥ 0, D′(0) ≥ 0, and D′(e) > 0, D′′(e) > 0 for all
e > 0. The marginal disutility D′(e) is the instantaneous disutility of continuing to
work after e hours – at a time when the person has worked for a duration e. Finally,
in period x = 1, she earns a monetary benefit B(E1), increasing in E1 =

∫ 1
0 exdx,

the total work completed by period 1.

Perceived Disutility Projection bias as defined by Loewenstein, O’Donoghue,
and Rabin (2003) leads a person to misperceive her future taste for work as more
similar to her current taste for work than it will actually be. As people work in
a given period, they grow more tired of working which is captured by increasing
marginal disutility, and so they perceive future work as more onerous the more tired
they currently are. Formally:

Definition 1 (Projection Bias). At time s – when a person has worked for a time
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s – the person mispredicts marginal disutility at time e in some period to be

D̃′(e|s) = (1 − α)D′(e) + αD′(s) (1)

where α ∈ [0, 1] is the degree of projection bias. Moreover, she is naive with respect
to her projection bias: she does not anticipate that she will perceive her marginal
disutility differently in the future.

Taking the integral of this definition, we obtain the perceived disutility from total
effort e as D̃(e|s) = (1 − α) · D(e) + α · D′(s) · e, since D(0) = 0.

Note that, since the taste for money (for consuming goods that money can buy)
does not change substantially nor systematically with tiredness, the benefits B(·)
are perceived correctly.

Behavior I assume that in each period x, the person stops working at the earliest
time when she perceives continuing to work as suboptimal. Concretely, let Ex =∫ x

0 eydy be the total work she has done by the start of period x. Then it would
require her e hours every remaining period to complete a total of Ex + (1 − x) · e

of work by period 1.3 At time s, the perceived utility of working e hours in every
future period is B(Ex + (1 − x) · e) −

∫ 1
x D̃(e|s)dt = Bx(e) − (1 − x) · D̃(e|s), where

Bx(e) := B(Ex + (1 − x) · e). Then we have the following behavior:

Definition 2 (Momentary Work Decision). A projection-biased person works in
period x until ẽx given by

ẽx = inf{s : Bx(e) − (1 − x) · D̃(e|s) < maxe≤s

(
Bx(e) − (1 − x) · D̃(e|s)

)
, ∀e > s}

In words, the person (roughly) stops at time s when the perceived utility from
working strictly more (in this and all future periods) is strictly less than the perceived
utility from working as much or less than s.

3This uses the fact that in this setup the person finds it optimal to work the same amount
each day going forward, as is true for α < 1. To extend the definition to the case α = 1,
I assume that even this fully projection-biased person perceives it to be preferable to work
the same across all days. Section 5 generalizes this setup to multi-tasking, and momentary
work decisions can be generalized further, but are notationally more cumbersome.
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Momentary work decisions thus determine the flow effort in period x, which deter-
mines Ex, the amount of effort completed by period x. This yields the following
initial value problem (IVP) as an ordinary differential equation (ODE):

Definition 3 (Continuous-Time IVP).

Ėx = ẽx

ẽx = inf{s : Bx(e) − (1 − x) · D̃(e|s) < maxe≤s

(
Bx(e) − (1 − x) · D̃(e|s)

)
, ∀e > s}

with E0 = 0.

2.2 Discussion of the Model

By assuming that the marginal disutility is the current disutility of working, I im-
plicitly assume that the person either works or does not work, but cannot choose
the level of effort intensity each moment. And by assuming that the agent’s work
in a period is restricted to a single block, I implicitly rule out the possibility of
resting within a period. If resting within a period were possible, the person might
decide to resume work after a break. Of course, both resting and intensity of work
are important, since a projection-biased person may misoptimize both. The current
setup allows only exogenous resting between periods such that the person is fully
rested at the start of each period.

The central feature that drives the results is the cycle between a high-effort target
at the start of each day and a low-effort target later in the day: they drive the
overoptimism for concave benefits and the repeated starting and quitting for convex
benefits. As long as people grow more tired during each day and more rested between
days, the results in Sections 4 and 5 will qualitatively hold. There are certainly
situations that do not fit this template. It may be that resting between days does
not reduce tiredness; or that daily work and rest maintains tiredness within a narrow
and fairly constant range. In the first case, the person grows increasingly more
tired, possibly reaching a plateau, while in the second she stays at the same level of
tiredness, both of which preclude the repeated cycles that drive the results.

Notice that when α = 0 the person has no projection bias, and the actual work done
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ẽx equals the optimal work e∗
x, if it is unique.4 Thus the setup nests the unbiased

case.

Finally, it may appear as though the model assumes that the person is entirely
unaware of her projection bias. Instead, we may wish to allow her to be partially
aware, believing that she has projection bias α̂ ∈ [0, α], similar to the model of
partially naive present bias in O’Donoghue and Rabin (2001). Specifically, suppose
that the person feels her current marginal disutility D′(s) and her perceived future
marginal disutility D̃′(e|s). She believes that she is projection-biased with projection
bias α̂. If this was the case, then she would know that D̃′(e|s) = (1 − α̂)D′(e) +
α̂D′(s), hence she could infer D̂′(e) via D′(e) = D̃′(e|s)−α̂D′(s)

1−α̂ where she knows all
the terms on the right-hand side. However, since her true projection bias is α,
we actually have that D̂′(e) = (1−α)D′(e)+αD′(s)−α̂D′(s)

1−α̂ = (1−α)
1−α̂ D′(e) − α−α̂

1−α̂ D′(s) =
(1−α0)D′(e)+α0D′(s). Thus partial projection bias with actual bias α and perceived
bias α̂ is the same as simple projection bias with bias α0 = α−α̂

1−α̂ < α, with no
projection bias when α̂ = α.

3 Concave Benefits

Let us start exploring concave benefits with B′′(e) ≤ 0. This allows for a fixed
hourly wage rate, for decreasing returns to work, and as such covers cases where the
primary question is not whether to work on the task, but how much. We will see
that the person then behaves optimally, despite optimistic beliefs, yet if she had to
choose a target beforehand, she would overcommit.

Consider Anna, a projection-biased student with α = 0.5, who is studying towards
an exam at the end of term. The benefits of every additional hour of studying
are linear and equal to 3, and studying becomes more unpleasant the longer she
studies. Specifically, Anna’s daily disutility is quadratic in total time studied, thus
D(e) = e2

2 and D′(e) = e.5 After having studied for s hours, Anna plans to study

4If e ≤ s < e∗
x, then Bx(e∗

x) − (1 − x) · D̃(e∗
x|s) − (Bx(e) − (1 − x) · D̃(e|s)) = Bx(e∗

x) −
(1 − x) · D(e∗

x) − (Bx(e) − (1 − x) · D(e)) > 0, since with α = 0 we have D̃(e|s) = D(e)
and since e∗

x maximizes B(e) − D(e). Hence ẽx ≥ ex. But similarly, for s = e∗
x, then

B(s) − D(s) = B(e∗
x) − D(e∗

x) > B(e) − D(e) for every e > e∗
x = s, hence ẽx ≤ s = ex. Thus

ẽ∗ = ex.
5In expositions, I refer to periods as days and to time within a period as hours.
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until her currently perceived marginal disutility is equal to her marginal benefits of
3. I denote the time at which she plans to stop on day x by ẽx(s), the total hours she
plans to work after having worked for s hours. She perceives her marginal disutility
after studying for e hours to lie between her current marginal disutility, D′(s), and
her actual marginal disutility after e hours of studying, D′(e):

D̃′(e|s)︸ ︷︷ ︸
Perceived D′

= (1 − α)
Actual D′︷ ︸︸ ︷
D′(e) +α D′(s)︸ ︷︷ ︸

Current D′

= 1
2(D′(e) + D′(s))

At the start of the first day – period x = 0 – Anna hasn’t studied at all and
s = 0.6 So she thinks that her marginal disutility after e hours of studying will be
D̃′(e|0) = 1

2D′(e). She plans to work for ẽ∗(0) hours (today and on all future days),
and D̃′(ẽ∗(0)|0) = 3 implies 1/2 · D′(ẽ∗(0)) = 3, which implies ẽ∗(0) = 6. Anna
plans to study for 6 hours and thus starts studying. After 2 hours of studying, the
current marginal disutility is D′(2) = 2. Anna now plans to study for ẽ∗(2) hours
in total, with D̃′(ẽ∗(2)|2) = 3 – the first order condition as she perceives it now.
This leads to 1/2 · (D′(ẽ∗(2)) + D′(2)) = 3 =⇒ ẽ∗(2) = 4 hours. Finally, once she
has completed 3 hours of studying, the current marginal disutility is D′(3) = 3, so
that ẽ∗ = 3 and Anna stops studying. The same logic holds on all days (given that
on past days she worked optimally), so that Anna stops every day after 3 hours of
studying.

The same logic applies when the returns to effort are decreasing rather than constant,
which leads to Proposition 1 that Anna works optimally, with overoptimistic plans
until she stops. All proofs can be found in the appendix.

Proposition 1. Let D(.) be a strictly convex function with D′(·) → ∞, let α ∈ [0, 1),
and B(.) be both differentiable and linear or concave. Let e∗ be the optimal amount
of work, ẽx be the actual amount of work done, and ẽx(s) the perceived optimal
amount of work after s hours of work in period x < 1. Then ẽx = e∗, and ẽx(s) > e∗

∀s < e∗.

Proposition 1 relies on momentary work decisions. If Anna had to make an irre-
versible (or hard-to-reverse) choice, then she would commit to working too much.

6I write ẽ(s) rather than ẽ0(s) in the exposition of the example to reduce notation and
as there is no ambiguity about x.
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Studying is unlikely to be about irreversible choices, but working on a common
project in a team may consist of few and committed choices that lead to overcom-
mitting. This shows that, even under concave benefits, overoptimistic beliefs over
future work may be costly.

The reason for overcommitting rather than undercommitting stems from the fact
that the optimal decision under concave benefits depends on her final (and hence
highest) marginal disutility. Since the highest marginal disutility is necessarily al-
ways underestimated (at all other times the person is less tired) she is overoptimistic.

4 Convex Benefits

This section explores bounded convex benefits, both the general case and the special
case of all-or-nothing tasks which cover situations with fixed thresholds for success
and failure, where the question is whether to go all-in: passing an exam, getting a
promotion, building a profitable startup.

4.1 Extended Example and Preliminary Results

This extended example provides intuition and context for the formal results in the
following subsections.

Consider Beth, a student who is studying for an exam. Time in days is continuous:
the first day is day 0 and the day of the exam is day 1. Beth knows that she will
receive a B for sure in her final if she does nothing but attend the required lectures.
If in addition she studies 5 hours a day on average, she receives an A for sure, which
has an additional total benefit of 12.5 over a B.7

Suppose that α = 0.5 and that the daily disutility is quadratic: D(e) = e2

2 so that
D′(e) = e. Her benefits from exerting on average E per day by the time of the
exam are B(E) = 1(E ≥ EF )BF , where BF = 12.5 and EF = 5. Let ēx be the

7Total benefits of B means that the person values these benefits as if they received a daily
flow utility B on each day from x = 0 to x = 1. Thus a total benefit of 12.5 is equivalent to
receiving a daily benefit of 12.5.
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number of hours she would have to study daily starting on day x in order to get an
A, i.e. ēx = EF −Ex

1−x .

Let us now solve how much Beth studies each day. Note that BF = 12.5 = 52

2 =
D(5) = D(ē0), so that studying efficiently has 0 net utility. Let us say that Beth
faces a net-0-utility task on day x if R(x) = 0 where R(x) := BF − (1 − x)D(ēx)
– that is, when the actual net utility from studying efficiently is 0. Since Beth
underestimates the cost of the task at the start of the day, and because she would
overestimate the cost of the task if she worked for ēx hours, she perceives it worth
doing at the start of the day, and as not worth doing if she worked for ēx hours. She
therefore starts studying, but stops before reaching ēx, stopping the moment she is
indifferent between studying and not studying. Thus ẽx – the time at which she
stops – satisfies BF − (1 − x)D̃(ēx|ẽx) = 0. Since R(x) = 0, we can replace BF by
(1 − x)D(ēx) to get (1 − x)D(ēx) − (1 − x)D̃(ēx|ẽx) which we can expand in several
steps as (1−x)

(
D(ēx) − 1

2D(ēx) − 1
2D′(ẽx)ēx

)
= (1−x)1

2 (D(ēx) − D′(ẽx)ēx). This
utility is 0 if D(ēx) = D′(ẽx)ēx ⇐⇒ ē2

x
2 = ẽxēx =⇒ ẽx = ēx

2 .

Next, let us note the change in R(x) when ẽx = 1
2 ēx:

d

dx
(BF − (1 − x)D(ēx)) = D(ēx) − (1 − x)D′(ēx) d

dx
ēx

= D(ēx) − (1 − x)D′(ēx) ēx − ẽx(x)
1 − x

= D(ēx) − D′(ēx)(ēx − ẽx(x))

= ēx

2 − ēx
1
2 ēx

= 0

Thus as long as Beth works in this manner on a net-0-utility task, the task remains
a net-0-utility task in future periods.

Hence we have shown that Beth studies for ēx
2 hours every day. Plugging this into
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the IVP, we get that Ėx = ẽx = ēx
2 = EF −Ex

2(1−x) . Solving this ODE, we get ēx = EF√
1−x

.8

Thus Beth daily studies for ẽx = EF

2
√

1−x
hours, which is plotted in Figure 1.

Thus, every day Beth starts studying with the intention of studying, only to give
up half-way through when she becomes convinced that doing so is not worth doing.
Because she does not study efficiently, the efficient effort ēx to achieve an A is strictly
increasing over time – but she is studying enough every day, so that overall disutility
to achieve an A stays constant, as there are fewer days left during which she has
to study. This leads her to increase her effort ever higher, so high in fact that the
disutility from completing the task goes to infinity.9

Figure 1 plots the numerical solutions when the benefits are slightly higher at BF =
13 and slightly lower at BF = 12. This highlights that the pattern of starting and
stopping is not a special case due to picking a task where Beth should be indifferent.

Figure 1 also highlights the central role of day xq. As it turns out, before day xq,
Beth perceives herself as working inefficiently, thereafter she perceives herself as
working efficiently – and she in fact is working efficiently.

For example, when BF = 13, Beth works efficiently from day xq ≈ 0.66 on. Despite
studying less on the days leading up to xq than planned, she studied enough so that

8We have

Ėx = EF − Ex

2(1 − x) =⇒ Ėx

EF − Ex
= 1

2(1 − x)

=⇒ log(EF − Ex) = 1
2 log(1 − x) + log(EF )

=⇒ EF − Ex = EF (1 − x) 1
2

=⇒ EF − Ex

1 − x
= EF√

1 − x

9 ∫ 1

0
D(ẽx)dx =

∫ 1

0

ẽx

2 dx

=
∫ 1

0

1
2

E2
F

4(1 − x)dx

= E2
F

8 (log(1) − log(0))

= ∞
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(a) BF = 12.5, E1 = 5, α = 0.5 (b) BF = 12, E1 ≈ 1.87, α = 0.5

(c) BF = 13, E1 = 5, α = 0.5 (d) BF = 13, E1 = 5, α = 0.03

Figure 1: Plots the daily effort ẽx for different BF and α. The x-axis plots
the fraction of days until the final deadline. E1 is the total effort done by
the deadline. The plots for BF = 12.5 and for BF = 13 with α = 0.03 are
based on the exact solution ẽx = EF −Ex

2(1−x)
1
2

(see main text for derivation). All
other plots are computed numerically. xq is the first time where the person
works efficiently, either by not working at all (as for BF = 12) or by working
ēx = EF −Ex

1−x
(as for BF = 13). For BF = 12.5, we have xq = 1 – i.e. the person

never works efficiently.
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studying is still worth it and she perceives it as such even when she is at her most
tired. However, she would be better off if she had smoothed the effort over time.
When BF = 12, Beth gives up studying once and for all around day xq ≈ 0.80.
She has achieved so little that even when she is at her most rested, she (accurately)
perceives studying as not worth doing.

4.2 Characterization for General Benefits

Notation: Let e∗
x = arg maxe BF1(e ≥ ēx) − (1 − x)D(e) – the optimal effort in

period x, given the (potentially suboptimal) amount of effort Ex the person has
completed so far. Let us parameterize the net perceived utility over degrees of bias
by writing Uα(x, e, s) = B(E + (1 − x)e) − (1 − x)(1 − α)D(e) − (1 − x)αD′(s)e for
the net perceived utility of a person with projection bias α. When the dependence
on α is implicit, I simply write U(x, e, s).

The results apply to general convex benefits subject to the following sufficient as-
sumption:

Assumption 1 (Bounded Effort). Assume that there is some EF > 0 s.t. B(E) =
B(EF ) for all E ≥ EF .

The results also hold for all-or-nothing tasks (defined further below).

We finally get the following characterization of behavior in a given period.

Proposition 2 (Characterization for Convex Benefits). Consider B and D, with B

satisfying either of the following:

• continuous and strictly convex on [0, EF ] and such that ẽx is Lipschitz con-
tinuous in x

• B(E) = 1(E ≥ EF ) · BF for some EF , BF > 0

and D strictly convex with D′(e) → ∞ as e → ∞. Then there exist ᾱ and xq s.t.

• xq = 0 ⇐⇒ α ≤ ᾱ

• x ≥ xq holds if and only if ẽx ∈ arg maxe Uα(x, e, ẽx) and both imply ẽx = e∗
xq
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Roughly, Proposition shows that the person’s decision-making changes qualitatively
on day xq. Let us focus on the person’s perception of her behavior at the end of
each day. On any day x before xq, she stops studying after ẽx hours, but she does
not perceive that amount as optimal (ẽx /∈ arg maxe Uα(x, e, ẽx)). Instead she quits
because she currently would prefer to have studied less. From day xq on, she studies
for the optimal e∗

xq
hours, and she perceives it as optimal.

The proposition also states that the person perceives herself as making the optimal
choice from the first day if her bias is low enough. When her bias is large, then until
day xq she stops each day believing she should have worked less. Having a larger
bias means that the perception of the costs of studying go through larger swings:
she underestimates the costs of studying more when rested, and overestimates them
more when tired. If studying is worth doing, she will start studying but is more
likely to mistakenly quit as she grows tired, overestimating the costs of studying. If
studying is not worth doing, she is more likely to mistakenly start studying only to
quit once she has grown sufficiently tired.

For Beth, making the optimal choice from day xq on means that she either does
not work at all, or that she works ēx hours, as illustrated. In Figure 1 (a), xq = 1,
Beth always quits believing she should have studied less, while in (b) and (c), she
eventually perceives herself as making the optimal choice by not studying at all (in
(b)) or studying fully (in (c)). Finally, in (d) Beth faces the same benefits as in
(c), but because I assume that she is less projection-biased (α = 0.03), she studies
efficiently from the first day (xq = 0).

4.3 Characterization for All-or-Nothing Benefits

All-or-nothing tasks pay total benefits BF if the person completes EF by the final
period: B(E) = 1(E ≥ EF ) ·BF . This section explores how Beth’s behavior on such
a task changes as the benefits from completing such an all-or-nothing task increase.
Here, I will provide an informal intuition for Proposition 3 and then state it. The
formal proof is in the Appendix.

First, let us apply Proposition 2 to the case of all-or-nothing tasks. After day xq,
Beth makes the optimal choice, which for all-or-nothing tasks mean either 0 or ēxq

hours. Before day xq, ẽx is not perceived to be optimal at the time of stopping
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(ẽx /∈ arg maxe U(x, e, ẽx)). Not perceiving 0 hours as optimal at the start implies
that Beth must study at least a little. Similarly, not perceiving ēx as optimal after
ēx hours of studying implies that Beth must quit at some strictly earlier time. We
can summarize this by saying that before day xq, Beth studies inefficiently, and after
xq she makes the optimal choice – either not to study at all, or to study fully.

Next, let us consider how xq and e∗
xq

change as the benefits increase. Clearly when
benefits are really low, then even though Beth is biased, she realizes that the task
isn’t worth doing and doesn’t study at all. Thus xq = 0 and Beth makes the optimal
choice from day 0 by not studying at all.

As the benefits become larger, Beth studies inefficiently until xq > 0, and never
studies thereafter. As the benefits increase, xq increases and the total amount E1

that Beth has studied by the deadline increases, yet she falls short of her target.
She is therefore worse off as the benefits increase. This case is illustrated in Figure
1 (b).

As the benefits reach and pass the critical threshold BC , xq is 1 and Beth reaches
her target. Yet as Figure 1 (a) highlights, she studies potentially very inefficiently.
Increasing benefits past this point is unambiguously beneficial for Beth: Beth studies
more on all days before xq and studies efficiently after day xq. Since xq occurs
sooner, Beth studies efficiently earlier on, so she incurs lower costs from studying
while reaping higher benefits. This case is illustrated in Figure 1 (c).

Finally, for sufficiently high benefits, Beth studies and meets her daily targets from
the first day on. This case is illustrated in Figure 1 (d).

Proposition 3. The disutility of effort is strictly convex, with D′′(·) > d for some
d > 0 and lime→∞ D′(e) = ∞. Consider an all-or-nothing task (EF , B) and some
α < 1. Then for BH = (1 − α)D(EF ) + αD′(EF ) · EF and BL = (1 − α)D(EF )
there exists some BC with BH > BC > BL such that:

• B ∈ [BH , ∞): then xq = 0 and ẽx = ē0

• B ∈ [BC , BH ]: then xq ∈ (0, 1), ẽx = ēxq for x ≥ xq and E1 = EF

• B ∈ [BL, BC ]: xq ∈ (0, 1), ẽx = 0 for x ≥ xq, and E1 < EF

• B ∈ [0, BL]: then xq = 0, ẽx = 0 for all x, and E1 = 0
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Moreover, xq(B) is continuous in B, strictly increasing in B from xq(BL) = 0 to
xq(BC) = 1, and then strictly decreasing to xq(BH) = 0. Ex(B) is continuous and
strictly increasing in B for B ∈ [BL, BH ].

The next proposition provides a partial characterization of BC , the threshold for
completing tasks:

Proposition 4. Consider BC from Proposition 3 in the all-or-nothing case. Then:

• D′′′ < 0 =⇒ BC < D(EF )

• D′′′ > 0 =⇒ BC > D(EF )

• D′′′ = 0 =⇒ BC = D(EF )

The Proposition shows that when D′′′ < 0 the person completes some tasks that are
not worth completing even when done efficiently. And that, when D′′′ > 0, there
are some tasks that are worth doing efficiently that she fails to complete at all.
Only under quadratic disutility does she complete a task if and only if it is worth
doing efficiently. Thus observing a person complete or not complete a task does not
allow us to infer whether her optimal choice is to commit to completing the task
or not doing so. Of course, committing to completing the task efficiently is better
than completing the task inefficiently. But it may be that the person would be even
better off not doing the task at all.

5 Multi-Tasking with Concave Benefits

We know from Section 3 that a biased person works optimally on a single task with
decreasing returns, despite overestimating how much she will work. To explore how
such overestimation in one task can affect work on another task, let us now consider
a person who divides her time each day between a short-term and a long-term task,
each of which has decreasing returns to effort.
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5.1 Example

To illustrate, suppose that Elaine has to finish her thesis (the long-term task, indexed
by L) by the final day, and that every day she has some homework to do (the short-
term task, indexed by S). She has projection bias α = 1/2. The first day is x = 0,
the final day is x = 1. The daily benefits from exerting effort ẽS are BS(ẽS) and
the benefits from exerting total effort

∫ 1
0 ẽLde on the long-term task are BL(ẽL).10

The disutility on some day from exerting ẽS and ẽL is D(ẽS + ẽL). Suppose for
illustration that BS(e) = BL(e) = 3

2 log(e), and suppose that D(e) = e2

2 .

Let us now solve this problem. In the proofs I show formally that Elaine switches
or stops if she perceives this to be optimal at the time of switching or stopping.
Therefore, to find the time of switching, we find a time at which Elaine perceives
switching right now as optimal, and similarly for stopping. Then, consider the
time s at which Elaine switches on day x from working on the thesis to homework.
Clearly, s = ẽL, since she switches once she is done with the thesis. At this time, she
maximizes her current perceived utility and she plans to exert ẽL on the long-term
task and ẽS|P (to indicate this is planned, not actual) on the short-term task every
day. Since she maximizes BL(Ex + (1 − x)eL) + (1 − x)BS(eS) − (1 − x)D̃(eL + eS |s)
(where Ex =

∫ x
0 ẽL(x) is effort spent on the long-term task by period x), the FOC

yield:

B′
S(ẽS|P ) = D̃′(ẽL + ẽS|P |s) = B′

L(Ex + (1 − x)ẽL)

⇐⇒ 3
2

1
ẽS|P

= 1
2

(
ẽL + ẽS|P + s

)
= 3

2
1

Ex + (1 − x)ẽL

At x = 0, we have Ex = E0 = 0 (she has not yet completed any work), so that
ẽS|P = ẽL. Moreover, s = ẽL, and from the equality of the left-most and the right-
most expressions, we see that ẽS|P = ẽL = s. So the remaining equalities yield
3
2

1
ẽL

= 1
2(3ẽL) =⇒ ẽL = 1. Now suppose that she works this amount on all days

until x, i.e. ẽL(x′) = 1 for all x′ < x. Then Ex = x, and so the FOC on day x

becomes:
10Note that total effort is measured in the average hours per day: if daily effort is ē on

all days, then total effort is
∫ 1

0 ēde = ē.
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1
ẽS|P

= 1
2

(
ẽL + ẽS|P + s

)
= 1

x + (1 − x)ẽL

It is easy to see that ẽL = s = ẽS|P = 1 solves this equation, since it is the same as
we solved at time x = 0! This shows that Elaine works ẽL = 1 on her thesis every
day. Since ẽS|P = ẽL, this is also how much she plans, at the time of switching, to
work on her homework.

However, as she starts her homework, she grows more tired and stops earlier than
anticipated. In fact, she stops once B′

S(ẽS) = D̃′(ẽL + ẽS |ẽL + ẽS) = D′(ẽL + ẽS),
which implies 3

2
1

ẽS
= ẽS + 1, so that ẽS =

√
7−1
2 ≈ 0.82.

The optimal effort has e∗
L = e∗

S = e∗ since BS(e) = BL(e), where e∗ solves the FOC
3
2

1
e∗ = 2e∗ =⇒ e∗ =

√
3

2 ≈ 0.87.

Thus it turns out that Elaine works more than she should on the thesis – and this is
because at the time she switches, she underestimates future costs and hence overes-
timates how much she will work in total. Because of this, she ends up working less
than she should on her homework. In total, she works more than she should: at the
time at which she would stop if she worked optimally, she has worked substantially
less than is optimal on her homework, thus the marginal benefits from working on
the homework are larger than the costs from working. As I show below, all of these
results hold more generally.

5.2 Multi-Tasking Model

The model from Section 2 no longer provides a unique answer, because the person
is indifferent about the order in which she works on the tasks, despite the fact that
this order affects the final outcome. I therefore assume that the person works on
the tasks in sequence, and extend the framework to determine both the time at
which she switches between the tasks and the time at which she stops working on
the second task.11 At the end, I provide a natural condition that leads her to work
on the short-term task first.

11Every time we add an (implicit or explicit) choice variable, the problem may allow many
different solutions under projection bias. Here that choice variable is the order in which the
person works on the tasks.
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Environment A projection-biased person can work on 2 tasks each period. The
flow disutility in period x depends on total effort in x, so that we can write it as
D(e1(x) + e2(x)). The monetary benefits are task-specific, and one is a short-term
task that yields a flow benefit BS(et(x)) at the end of the period x, and one is a
long-term task that yields a total benefit BL(

∫ 1
0 et(x)dx) in period x = 1.12

Behavior The person works consecutively on the tasks, first on task 1 for a
duration e1, then on task 2 for a duration e2. I analyze both the situation when the
short-term task is done first and when the long-term task is done first, and provide
a sufficient condition (time-sensitivity) under which it is natural that the short-term
task is done first.13

Under multi-tasking, we need to distinguish carefully between the optimal plan
for today (the current period x) and the optimal plan for all future days (periods
x′ > x). The reason is that when working on the second task today, the person
can no longer re-optimize the amount of work to exert on the first task, but she
can re-optimize how much she plans to work on the first task on future days. We
also need to formalize how the person trades off the benefits and costs from (the
infinitesimally short) today against the future, which requires taking seriously that
the continuous-time setup approximates a setup with T periods as T grows large
and as the time per period shrinks.

Then today’s flow benefits from working eS on a short-term task are BS(es). Let
pL(x) be the amount the person plans to work on the long-term task on all future
days. Then the perceived flow benefits from working eL on the long-term task are
given by B

′
L(E + (1 − x)pL(x)) · e. It is linear in today’s effort eL since today’s

effort is too small to affect the final stock of effort. Finally, the flow disutility from
exerting eS + eL is given by D̃(eS + eL|s).14

12Subscript S stands for short-term, subscript L for long-term.
13I do not consider situations where a person switches repeatedly between the two tasks.
14Formally, the continuous-time setup is limiting case as T → ∞ of a discrete-time setup

where T is the number of periods and the time per period becomes shorter and shorter. If
we consider a single period to be of length ∆ → 0 with T · ∆ = 1 − x, then the benefit is
BL(E + ∆e + (T − 1)∆ · pL(x, ∆)) − BL(E + (T − 1)∆ · pL(x, 0)) = B

′

L(E + (T − 1)∆ ·
pL(x, 0))(∆ · e + (T − 1)∆ · (pL(x, ∆) − pL(x, 0))) + O(∆2) → B

′

L(E + (1 − x)pL(x, 0))∆ · e
if pL(x, ∆) − pL(x, 0) → 0 as ∆ → 0 – i.e. if future plans are continuous in E as is the case
here.
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Let us write US(x, E, eS , eL, s) := UL(x, E, eL, eS , s) := BS(eS) + B
′
L(E + (1 −

x)pL(x, E, s)) · eL − D̃(eS + eL|s) for the perceived net flow utility from exerting eS

on the short-term and eL on the long-term task in period x after s hours of working
when having completed E on the long-term task. Note that pL is determined by
optimization over future perceived utility, and that US and UL merely flip the order
of the two tasks for notational purposes.

Denote by VS(x, E, eS , s) = maxeL US(x, E, eS , eL, s) the maximum (per-
ceived net flow) utility when choosing eS for the short-term task, and
VL(x, E, eL, s) = maxeS UL(x, E, eL, eS , s) the maximum (perceived net flow)
utility when choosing eL for the long-term task. Let i be the first and j ̸= i be
the second task, with i, j ∈ {S, L}. Then we get the following generalization of
Definition 2:

Definition 4 (Multiple Effort Decisions). Consider a projection-biased person who
works on two consecutive tasks i, j ∈ {S, L} in that order, with i ̸= j. Then she
exerts effort ẽi on task i given by

ẽi(x) = inf{s : Vi(e, Ex, x, s) < Vi(s, Ex, x, s), ∀e > s}

and she exerts effort ẽj on task j given by

ẽj(x) = inf{s − ẽi : Uj(x, Ex, ej , ẽi, s) < Uj(x, Ex, s − ẽi, ẽi, s), ∀ej > s − ẽi}

The first task is determined as before, except that she switches (rather than stops)
when the utility V of switching is perceived higher than that of continuing to work
on the first task. The second task takes the amount of effort on the first task as a
given, since that decision can’t be undone. At time s, the person has exerted effort
s − ẽi on the second task, which explains the condition ej > s − ẽi.

5.3 Multi-Tasking Results

Let us now state the general proposition for multi-tasking.

Proposition 5. Consider the multi-tasking setup with two consecutive tasks S

(short-term) and L (long-term). Let ẽS(x) and ẽL(x) be the actual amount of effort
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spent on the short-term and long-term task in period x, and f̃(x) := ẽS(x) + ẽL(x)
be the total effort in period x. Let e∗

s, e∗
L, and f∗ be the optimal effort levels, and

all strictly positive. Let Ẽx be the actual total effort and E∗
x the optimal total effort

done by period x. Then

1. If the long-term task is done first each period, ẽL(x) = ẽL > e∗
L, f̃(x) = f̃ >

f∗, ẽS(x) = ẽS < eS.

2. If the short-term task is done first each period and 1 > x′ > x, then ẽS(x) ≥
ẽS(x′), ẽL(x) ≤ ẽL(x′), f∗ < f̃(x) ≤ f̃(x′), and Ẽx < E∗

x with strict inequali-
ties everywhere if and only if ẽS(x) > 0 and x(0, 1).

The Proposition states that the person works too much in total, working too much
on the task done first each day and too little on the task done second. The case
when the long-term task is done first is illustrated by the earlier example. When
the short-term task is done first, the person works less and less over time on the
short-term task, and increasingly more on the long-term task. She works less on the
long-term task than she planned, so that the marginal benefit from working on the
long-term task increases steadily. I provide one reason why people may naturally
perform the short-term task before the long-term task.

To provide an intuition for why the effort is constant when the long-term task is
done first, but not when the short-term task is done first, let us revisit the example
above. Every day, Elaine works as much on her thesis as she planned to do at the
time of switching. Thus on future days when she considers whether to switch at
the same time, her perceived disutility is the same as at all past times when she
switched, and she followed her plans according to that perceived disutility. Thus it
is clear that she wants to continue following this plan, which requires constant effort.
If instead Elaine works on the short-term task first, then on day 0 she switches at
time s̄, say, at which time she plans to work ẽL|P on her thesis. However, she ends
up working less on her thesis than planned. Therefore on a future day, she will have
worked less than planned at time s̄, so the marginal benefits from working on the
thesis are strictly higher, and so she stops working on her homework earlier.

Definition 5. A task is time-sensitive if the benefit from the task not only depends
on how well the task was done, but also how early in the period it was completed.

23



Similarly, it is time-insensitive if the benefit is independent from the time of day
when the task is completed. Consider two tasks that pay B1(e, s) = B1(e) + b1(s)
and B2(e, s) = B2(e) with b1(s) > 0 and b′

1(s) < 0. Then benefits B1 are time-
sensitive and benefits B2 are time-insensitive.

If task 1 is time-sensitive and task 2 is not, then it is always better to do task 1
in full first. Any amount of work spent on task 2 simply delays completion on task
1 and thus reduces overall benefits for no gain (holding total effort on both tasks
constant). It seems natural that a long-term task is close to time-insensitive, since
usually there will be no benefit from working on the long-term task at 11am rather
than at 5pm – it is primarily about the total amount of work done. It may however
be beneficial to send a report to a client at 2pm rather than at 5pm, if only to signal
to the client how important they are. This leads to the following corollary:

Corollary 1. Consider a person who works on a time-insensitive long-term task as
well as on time-sensitive short-term tasks each day. Then the person works first on
the short-term tasks each day and hence works too much on the short-term tasks at
the expense of the long-term task.

6 Discussion

Throughout the paper, I have illustrated the intuition of the formal statements with
examples about students studying for exams. Despite this focus, the results hold
for any sufficiently large long-term task such that a person working on it repeatedly
grows tired and rested. Given the large-scale nature of the task, it applies partic-
ularly to important domains and projects. It applies to the student studying for a
degree, the wannabe entrepreneur who founds a startup requiring long hours, the
employee working towards a promotion, and the athlete who wants to get in shape
for tournaments.

Let us now compare the behavioral and welfare implications of projection bias to
those from other models that can generate time-inconsistent behaviors, such as
present bias, self-control problems, or overconfidence. Since time-inconsistent pref-
erences imply that a revealed preference approach cannot identify which of the
choices is preferred, even less which is optimal, the welfare implications often rely
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on the model used. Projection bias may provide alternative welfare implications to
the other models, in particular in relation to the benefit of commitment.

In this section, I first consider observable behaviors that are either inconsistent, or
hard to reconcile, with other models. Next I show that, even when behaviors can be
reconciled with other models, projection bias often leads to different welfare conse-
quences and interpretations. Commitment makes the agent worse off under concave
benefits, and completing or failing to complete a task does not reveal whether the
task is worth doing. Thus different channels lead to different responses to time-
inconsistent behavior. I therefore conclude with a discussion of richer data that can
be used to measure the contribution of different channels.

Observable Behaviors Consider first the all-or-nothing setup in Section 4.
When benefits are sufficiently high, a projection-biased person works inefficiently
little in the early days, yet works efficiently on the later days.15

Let us now consider whether present bias, self-control, or overconfidence, can gen-
erate such behavior, and let us suppose that the person completes the task, but
possibly inefficiently. Under present bias (O’Donoghue and Rabin (1999)), both
naive and sophisticate, the person will never work the same amount on all remain-
ing days – since then she would have a strict preference to work strictly less today.
Now consider a model of self-control, by which I mean any model where a person
may exert costly effort to overcome their present bias. It is certainly possible that
such a person would exert self-control on all days. It seems rather unlikely, however,
that the person would decide not to exert self-control in the early days, and yet
do exert self-control in the final days. Since early self-control is a substitute for
later self-control, if anything it is more plausible to expect more self-control early
on. And finally, consider a person who is overconfident about all future, but not
her current, effort costs. Then she always plans on working strictly more tomorrow
than today (where she perceives the costs correctly).16 Similarly, projection bias
allows a person to work less and less each day until she stops working, which again

15Concretely, benefits BF have to lie in (BC , BH), see Proposition 3.
16This is identical to a model of overconfidence in one’s future output. If the person is

overconfident in the value of all her output, including right now, then she always plans to
work the same, but too much. In none of the cases can it generate the pattern of working
inefficiently at first, efficiently later.
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does not happen under the other models.

Second, consider the multi-tasking case, where the projection-biased person works
too much on short-term tasks and too little on the long-term task – and as a conse-
quence, she will work too much and increasingly more each day. A similar pattern
can be reconciled with naive present bias when the short-term task yields immediate
utility (not monetary) benefits, which incentivise the person to put more effort into
the short-term task.

Overcommitment and Welfare Differences Another difference in the
multi-task setup is that present bias leads to inefficiently low daily work (on both
the short-term and the long-term task), while projection bias leads to inefficiently
high daily work. Committing the person to her initial plans – as present bias would
suggest – leads to overcommitment if projection bias is at play.

This highlights a general welfare difference between the models. Under projection
bias, the person may over- or under-estimate her future disutility, depending on
whether current marginal disutility is low or high. This is why it is not always
the earlier, more ambitious plan that is better. Instead the less ambitious plan
of quitting may be correct. With decreasing benefits, the person will be worse off
under commitment, since she will overcommit. This is in contrast to present bias
and self-control, where the person would be better off under commitment.17

Less Revealed Preference For all-or-nothing tasks, projection bias can cause
a person to work too much by working on a task they should not work on, or to work
too little by quitting a task that they should continue to work on. This limits how
much we can learn about underlying preferences from observed choices. Proposition
4 shows that it is possible that a person completes a task despite it not being worth
doing (if D′′′ < 0), or that she fails to complete some worthwhile tasks (if D′′′ > 0).
Hence, absent strong assumptions on the disutility, the completion or failure to
complete a task does not even allow us to infer whether the person should have
completed the task efficiently.

17Another reason why people may mistakenly commit is when they underestimate their
present bias and pick a commitment that is too weak. John (2020) finds evidence for
people choosing too weak commitments for savings contracts. Even in this case, the welfare
interpretation is still one in which sufficiently strong commitment is desirable.
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Empirical Predictions The discussion so far highlights how difficult it may
be to tell projection bias apart from other biases. This is easier if we also observe
planned effort: the daily work planned is constant, but the level of effort fluctuates
(with current willingness to work, if we observe it). Naive present bias on the other
hand predicts no such fluctuations at the daily level, and it predicts lower work
planned for today than for future days. Even when both types of biases are present,
fluctuations in planned effort should be a more robust indication of projection bias.
I am unaware of any finding that supports or refutes such fluctuations. While Kaur,
Kremer, and Mullainathan (2015) have a long-running intervention, they did not
collect data on the planned effort of workers at times of different tiredness, and the
workers in their study faced different daily incentives.18

Given the central role of welfare, it may be helpful to measure how much people
enjoy a given task – keeping in mind that such evaluations have their own chal-
lenges (Kahneman et al. (1993), Kahneman, Wakker, and Sarin (1997)). Bisin and
Hyndman (2020) analyse data from Ariely and Wertenbroch (2002) and find that
one of the student groups subject to deadlines performed better, but also disliked
the assignment more than the student group without additional deadlines. While
one has to be careful in how to interpret such retrospective evaluations, and the
deadlines were set exogenously, such data may help separate the welfare impact of
commitments from its behavioral impact.19

7 Conclusion

Throughout the paper, I illustrated situations where projection bias turns fluctuat-
ing tiredness into fluctuating plans, which leads to inefficient work. When rested,
the misperceptions may taunt people with an optimistic vista of their goal, only to
douse those hopes with exhaustion, in a repeating cycle. From the outside – and

18The closest they get to eliciting plans is to elicit commitments on the day of work and
the night before – but only from those workers who are willing to commit, leading to a
sample selected for stronger present bias. Contrary to both present bias and projection
bias, they find no difference, which they attribute to uncertainty resolution.

19Galak, Kruger, and Loewenstein (2013) use retrospective evaluation to tease apart how
much people liked consuming chocolates at a self-set pace versus an exogenously spread out
in a setting where people also seem to misjudge their own preferences.
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even from the inside – it is hard to tell whether to ride the optimistic highs or suc-
cumb to the pessimistic lows. Unlike models of present bias or self-control, the more
ambitious plan may not be the virtuous path, but a fata morgana best to avoid.
This contrasts with the view that ex ante plans reveal (long-term) preferences.

All this holds only if the fluctuations repeat and people naively learn little from these
fluctuations. While such naiveté is more appropriate than may often be assumed,
people regularly display some meta-sophistication: they realize and learn that they
fall short of their own expectations, that they behave inconsistently, yet without
a clearly articulated cause for this behavior.20 While it is beyond this paper, it is
an interesting question how projection-biased people respond when realizing their
fluctuating plans, without realizing the source of the problem. They may mistakenly
treat it as a pure self-control problem and attempt to exert self-control and self-signal
(Bénabou and Tirole (2004), Battaglini, Bénabou, and Tirole (2005), Fudenberg and
Levine (2006)). Personality traits such as perseverance and grit (Duckworth et al.
(2007)) may also affect how quickly a person quits, and thus how well they do when
facing changing plans. This might lead them to not let go when they should (Alaoui
and Fons-Rosen (2021)). In all these cases, the welfare implications are ambiguous,
since the mistake may be planning too much, rather than too little work. Thus a
major challenge, relevant for many types of misperceptions, is to answer the question:
what do people learn or do when we neither assume that people must learn nor that
they cannot learn – and do they learn the right thing?
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A Proofs

A.1 Proofs for Section 3

Lemma 1 (Stop at optimum for strict concavity). Consider a function F (e, s) that
is strictly concave in e and ∂2F

∂e∂s < 0, so that e(s) = arg maxe F (e, s) exists and is
unique. Then e(s) is strictly decreasing in s. Let ẽ = A where A := inf{s : F (e, s) <

maxe≤s F (e, s), ∀e > s}. Assume that e(0) > 0. Then we have ẽ = e(ẽ).

Proof. First we show that s − e(s) is strictly increasing in s. By strict concavity,
e(s) satisfies ∂

∂eF (e(s), s) = 0. Taking derivatives of this expression wrt s, we get
∂2F (e(s),s)

∂e∂e
∂e(s)

∂s = −∂2F (e(s),s)
∂e∂s =⇒ ∂e(s)

∂s < 0 since F is strictly concave in e and the
cross partials are negative.

Since e(s) is continuous (as e(s) ≤ e(0) is bounded), ∆(s) := s − e(s) is continuous.
We have that ∆(0) = 0 − e(0) < 0 and since e(e(0)) < e(0) (since e(s) is strictly
decreasing in s), we have that ∆(e(0)) = e(0) − e(e(0)) > 0. Hence there is some
unique s0 s.t ∆(s0) = 0.

For a given s with ∆(s) > 0, we have s > e(s). Since e(s) maximizes F (e, s) and
F (e, s) is strictly concave in e, F (e, s) is strictly decreasing in e for e > s, hence
F (e, s) < F (s, s) for all e > s and s ∈ A. Since ∆(s) > 0 for all s > s0, we have
that ẽ ≤ s0.

For a given s with ∆(s) < 0, we have s < e(s), so that F (e(s), s) > F (s, s). Since
∆(s) < 0 for all s < s0, we therefore have that no s < s0 is in A. Hence ẽ ≥ s0.

It follows that ẽ = s0, thus e(s0) = s0 =⇒ e(ẽ) = ẽ.

Proof of proposition 1.

Proof. Note that F (e, s) := B(Ex + (1 − x)e) − D̃(e|s) satisfies all the conditions
of Lemma 1. So ẽx is the global maximum of F (e, s) when s = ẽx, and the global
maximum is determined by the FOC (1 − x)B′(Ex + (1 − x)e) = (1 − x)D̃′(e|s).
Since e = ẽx is the unique solution when s = ẽx, we can substitute ẽx for both e

and s: B′(Ex + (1 − x)ẽx) = D̃′(ẽx|ẽx) = D′(ẽx). We can check that ẽx = e∗ solves
the FOC for all x and hence the original IVP: Ex = xe∗, so B′(Ex + (1 − x)e∗) =
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B′(e∗) = D′(e∗), which holds since it is the FOC for the optimum effort level. When
ẽx is Lipschitz continuous in x, the IVP has a unique solution, and it is easy to see
that for a fixed x < 1, that ẽx is indeed Lipschitz continuous. This proves the
main result. Lemma 1 also shows that ẽx(s) is strictly decreasing in s, so that for
s < e∗ = ẽx = ẽx(e∗) < ẽx(s).

A.2 Proofs for Section 4

A.2.1 Convex Benefits

Write U(x, e, s) := Bx(e) − (1 − x)D̃(e|s) where Bx(e) := B(Ex + (1 − x)e). Thus
U(x, e, s) is the net utility perceived in period x at time s from exerting effort e in
all remaining periods. Intuitively, it is net perceived utility on ’day’ x after s ’hours’
of work when planning to work e ’hours’ on all remaining ’days’.

Lemma 2. Let eH > eL and sH > sL. Then U(x, eL, sH) − U(x, eH , sH) >

U(x, eL, sL) − U(x, eH , sL).

Proof. We have:

U(x, eL, s) − U(x, eH , s) = Bx(eL) − Bx(eH) − (1 − α) (D(eL) − D(eH)) − αD′(s)(eL − eH)

Since eL − eH < 0, the expression is strictly increasing in s, proving the claim.

Fixing some α < 1, as well as some (x, Ex, s), by Assumption 1 we know that there is
some EF s.t. the person never intends to work beyond that. Hence we have that e ≤
EF
1−x = K, so that supe U(x, e, s) = supe≤K U(x, e, s). When B is continuous, then
U is a continuous function in e, so we have supe≤K U(x, e, s) = maxe≤K U(x, e, s)
and arg maxe≤k U(x, e, s) is a closed set. When B is not continuous as in the all-or-
nothing case, then the set is closed because the person is always only considering to
not work at all (e = 0) or to work fully (e = EF −Ex

1−x ).

Therefore in all cases, we can define the following:

Definition 6. Let mx(s) = min arg maxe U(x, e, s) be the smallest effort level that
maximizes perceived net utility in period x at time s.
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Lemma 3. mx(s) is decreasing in s.

Proof. Since mx(s) maximizes U(x, e, s), we have that U(x, mx(s), s) ≥ U(x, e, s)
for all e. This implies that U(x, mx(s), s)−U(x, e, s) ≥ 0 for all e. For sH > s and all
e > mx(s), Lemma 2 implies that U(x, mx(s), sH) − U(x, e, sH) > U(x, mx(s), s) −
U(x, e, s) ≥ 0. Therefore any e maximizing U(x, e, sH) must be smaller than mx(s).
Since mx(sH) does maximize U(x, e, sH), we have that mx(sH) ≤ mx(s). This
proves the claim.

We can now simplify the decision to stop in terms of mx(s).

Lemma 4. ẽx = inf{s : mx(s) ≤ s}.

Proof. From Definition 2, we have

ẽx = inf{s : Bx(e) − (1 − x) · D̃(e|s) < maxe≤s
Bx(e) − (1 − x) · D̃(e|s), ∀e > s}

= inf{s : U(x, e, s) < maxe≤s
U(x, e, s)∀e > s}

Let A(x) = {s : U(x, e, s) < maxe≤s U(x, e, s)∀e > s}. Then for every s ∈ A(x), we
have U(x, e, s) < maxe≤s U(x, e, s) for all e > s. Hence all effort levels that maximize
U(x, e, s) (for given x and s) must be less than or equal to s. So in particular
mx(s) ≤ s, and hence mx(s) > s implies s /∈ A(x). Hence A(x) ⊂ {mx(s) ≤ s}, so
that inf A(x) ≥ inf{mx(s) ≤ s}.

Now consider mx(s) ≤ s. Since mx(s) maximizes U(x, e, s), we have
maxe≤s U(x, e, s) = U(x, mx(s), s) ≥ U(x, e, s) for all e. For every sH > s

and every e > s, we also have that e > mx(s) since s ≥ mx(s). Thus by Lemma
2 U(x, mx(s), sH) − U(x, e, sH) > U(x, mx(s), s) − U(x, e, s) ≥ 0 for all e > s,
which implies that any maximizer of U(x, e, sH) is smaller than s and hence strictly
smaller than sH . Hence U(x, e, sH) < U(x, mx(s), sH) ≤ maxe≤sH U(x, e, s) for all
e > sH , since mx(s) ≤ s < sH . Hence if mx(s) ≤ s, then sH ∈ A for every sH > s.
So inf{mx(s) ≤ s} ≥ inf A(x), which shows that inf A(x) = inf{mx(s) ≤ s}. This
proves the claim.

Lemma 5. The limits as s converges to ẽx from below and from above do both exist:
m−

x := lims→ẽ−
x

mx(s) and m+
x := lims→ẽ+

x
mx(s). Moreover, m−

x ≥ ẽx, m+
x ≤ ẽx,

and mx(ẽx) = m+
x .
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Notation: Denote mx(ẽx) by mx, the planned future effort at the time the person
stops working. Then Lemma 5 shows that mx = m+

x .

Proof. By Lemma 4, we have that ẽx = inf{s : mx(s) ≤ s}, and we know that
mx(s) is decreasing in s. Consider s− < ẽx, so that s /∈ {s : mx(s) ≤ s}, and hence
mx(s−) > s−. I then prove that ẽx ≤ mx(s−). Suppose not, so that mx(s−) < ẽx.
Then take s′ ∈ (mx(s−), ẽx). Since s′ > mx(s−) and mx(s−) > s−, we have s′ > s−.
Since mx(s) is decreasing in s, we get mx(s′) ≤ mx(s−). But then mx(s−) < s′

implies mx(s′) < s′ which implies s′ ∈ {s : mx(s) ≤ s} which implies ẽx ≤ s′, which
is a contradiction. Therefore we have that ẽx ≤ mx(s−) for all s− < ẽx.

Since mx(s−) is decreasing in s− and bounded below, it is clear that the limit as s−

goes to ẽx exists and we denote it by m−
x . Since mx(s−) ≥ ẽx for all s− < ẽx, we

must have that m−
x ≥ ẽx.

Now consider s+ > ẽx. Since ẽx = inf{s : mx(s) ≤ s}, for every s+ > ẽ there is
some s′ ∈ (ẽx, s+) s.t. s′ ∈ {s : mx(s) ≤ s}, i.e. s.t. mx(s′) ≤ s′. Since s′ < s+ and
since mx(s) is decreasing in s, we have that mx(s+) ≤ mx(s′) ≤ s′ < s+. Hence
mx(s+) < s+ for all s+ > ẽx.

Claim: s+ > ẽx =⇒ mx(s+) ≤ ẽx. Suppose not, then there is some s+ s.t.
mx(s+) > ẽx. Hence picking s′ ∈ (ẽx, mx(s+)) implies that mx(s′) ≥ mx(s+)
(mx(s) decreasing), so that mx(s′) > ẽx. Since s′ > ẽx, we must also have that
mx(s′) < s′, but since s′ < mx(s+) that implies mx(s′) < ms(s+), which is a
contradiction. Hence mx(s+) ≤ ẽx.

As s → ẽx from above, mx(s) is strictly inreasing and bounded above by ẽx, so it
has a limit denoted by m+

x . Since mx(s+) ≤ ẽx for every s+ > ẽx, we have m+
x ≤ ẽx.

Finally, note that either U(x, e, s) is continuous in s and in e or we are in the
all-or-nothing case. First consider the continuous case. Let mx := mx(ẽx), the
smallest maximizer at the time s = ẽx. By definition of mx(s), we have that
U(x, mx(s), s) ≥ U(x, e, s) for all e. Hence by continuity of U(x, e, s) in e and s,
letting s converge to ẽx from above we have that U(x, m+

x , ẽx) ≥ U(x, e, ẽx) and
letting s converge to ẽx from below we get U(x, m−

x , ẽx) ≥ U(x, e, ẽx). Hence both
m+

x and m−
x maximize U(x, e, ẽx) over e. But we know that m+

x ≤ ẽx ≤ m−
x , so the

smallest maximizer is m+
x , hence mx(ẽx) = m+

x .
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In the all-or-nothing case, mx(s) = 0 or mx(s) = EF −Ex
1−x = ēx. Thus either the

two limits overlap or the limits above and below are different and equal to 0 and
ēx respectively. In the first case, the result is clearly true with equality. In the
second case, we must have that the limit from above is 0 and the limit from below
is ēx. Thus U(x, ēx, s) ≥ U(x, 0, s) for all s < ẽx and U(x, 0, s) ≥ U(x, ēx, s) for all
s > ẽx. Since U(x, 0, s) and U(x, ēx, s) are both continuous in s, this implies that
U(x, ēx, ẽx) = U(x, 0, ẽx), so that both m+

x and m−
x maximize U(x, e, ẽx), hence

mx = 0 which is the smallest such maximizer.

Corollary 2. We have the following implications:

• s < ẽx =⇒ mx(s) ≥ ẽx

• s > ẽx =⇒ mx(s) ≤ mx ≤ ẽx

• s = ẽx =⇒ mx(s) = mx ≤ ẽx

• mx(s) > ẽx =⇒ s < ẽx

• mx(s) < ẽx =⇒ s ≥ ẽx.

• mx(s) = s =⇒ s = ẽx.

Proof. These follow directly from Lemma 5 and the fact that mx(s) is decreasing in
s.

Lemma 6. If ẽx ∈ arg maxe U(x, e, ẽx) then ẽx = e∗
x where ex := arg maxe Bx(e) −

(1 − x)D(e) is the unique effort level maximizing true (not perceived) net utility.

Proof. Suppose ẽx ∈ arg maxe U(x, e, ẽx). Then U(x, ẽx, ẽx) ≥ U(x, e, ẽx) for all e.
So Bx(ẽx) − D̃(ẽx|ẽx) ≥ Bx(e) − D̃(e|ẽx), which implies the following:

Bx(ẽx) − (1 − α)D(ẽx) − αD′(ẽx)ẽx ≥ Bx(e) − (1 − α)D(e) − αD′(ẽx)e

⇐⇒ Bx(ẽx) − D(ẽx) + α(D(ẽx) − D′(ẽx)ẽx) ≥ Bx(e) − D(e) + α(D(e) − D′(ẽx)e)

⇐⇒ Bx(ẽx) − D(ẽx) ≥ Bx(e) − D(e) + α(D(e) − D(ẽx) − D′(ẽx)(e − ẽx))

When ẽx > e, then D(e) − D(ẽx) = −
∫ ẽx

e D′(y)dy > −
∫ ẽx

e D′(ẽx)dy = −(ẽx −
e)D′(ẽx) = (e − ẽx)D′(ẽx). When e > ẽx, then similarly D(e) − D(ẽx) > (e −
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ẽx)D′(ẽx). Hence for all e ̸= ẽx, we have D(e) − D(ẽx) − (e − ẽx)D′(ẽx) > 0.
Substituting this in the equation above, we get

Bx(ẽx) − D(ẽx) ≥ Bx(e) − D(e) + α(D(e) − D(ẽx) − D′(ẽx)(e − ẽx)) > Bx(e) − D(e)

which proves that ẽx is the unique maximizer of Bx(e) − D(e).

Lemma 6 and Corollary 2 lead to the following characterization:

Proposition 6. In every period, either mx = ẽx or mx < ẽx. When mx = ẽx, then
ẽx = e∗

x is the unique effort level maximizing true net utility Bx(e) − (1 − x)D(e).

Proof. By Corollary 2, when s = ẽx we know that mx ≤ ẽx. Hence either m(x) =
ẽx or mx < ẽx. Since mx ∈ arg maxe U(x, e, ẽx), when mx = ẽx, we have ẽx ∈
arg maxe U(x, e, ẽx. Hence Lemma 6 implies that ẽx = e∗

x is the unique effort level
that maximizes true net utility Bx(e) − (1 − x)D(e), which completes the proof.

The next Lemma makes use of Assumption 1. Although it is not needed – except
when α = 1 – the assumption simplifies the proof.21

Lemma 7. Consider x0 < 1. Then Ex is Lipschitz continuous in x for x ∈ [0, x0].

Proof. By assumption 1, there are no benefits from exerting more total effort than
EF . Thus, at any time s in any period x, the person plans to work at most EF −Ex

over the remaining periods. Since the person always plans to exert the same amount
of effort in all remaining periods, she plans to work at most EF −Ex

1−x ≤ EF −Ex
1−x0

≤ EF
1−x0

.
We know that the actual effort ẽx ≤ mx(0), and we just showed that mx(0) ≤ K

where K = EF
1−x0

. Since Ėx = ẽx, this shows that Ex is Lipschitz continuous in x

with Lipschitz constant K. While K depends on x0, for any x < 1 we can find
x0 ∈ (x, 1) so that Ex is Lipschitz continuous on [0, x0] and hence at x.

21Here is a sketch for proving continuity of Ex directly. We know that mx(0) ≥ m−
x ≥ ẽx.

Now remember that the justification for the continuous-time setup is a discrete setup with
T periods as T → ∞ and the length of each period ∆ = 1/T → 0. We still have that
ẽt ≤ mt(0), which means that the person works less each period than planned. This means
that returns from working are lower in period t + 1 than the person thought in period t:
she worked less than she planned, returns are increasing (B′′(e) > 0), hence the returns are
lower. Therefore mt+1(0) ≤ mt(0), so that ẽt+1 ≤ mt(0). By induction, this yields that
ẽt ≤ m0(0), so that Et ≤ t · m0(0).
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Lemma 8. ẽx is continuous in x for all x ∈ [0, 1).

Proof. Let ε0 > 0, and s1 = ẽx − ε0 < ẽx. Since mx(s1) is the smallest maximizer
of U(x, e, s1) (over e), we have U(x, mx(s1), s1) > U(x, e, s1) for all e < mx(s1).
Therefore maxe≤mx(s1)−ε1 U(x, e, s1) < U(x, mx(s1), s1) for every ε1 > 0. Pick ε1 <

ε0 = ẽx − s1 ≤ mx(s1) − s1, where the last inequality holds by Corollary 2 since
s1 < ẽx.

Let ∆−(x, ē) := U(x, ē, s1) − maxe≤ē−ε1 U(x, e, s1), so that ∆−(x, mx(s1)) =
U(x, mx(s1), s1) − maxe≤mx(s1)−ε1 U(x, e, s1) > 0. Since U(x, e, s1) is continu-
ous in x, hence maxe≤mx(s1)−ε1 U(x, e, s1) is continuous in x, so that ∆−(x, ē)
is continuous in x. We can therefore choose δ1 > 0 s.t. |y − x| < δ1 im-
plies that ∆−(x, mx(s1)) − ∆−(y, mx(s1)) < 1/2∆−(x, mx(s1)), which implies
1/2∆−(x, mx(s1)) < ∆−(y, mx(s1)) so that 0 < ∆−(y, mx(s1)). By definition of
∆−, this means that U(y, mx(s1), s1) > maxe≤mx(s1)−ε1 U(y, e, s1), which implies
that any maximizer of U(y, e, s1), such as my(s1), has to be greater or equal
to mx(s1) − ε1. Since ε1 < mx(s1) − s1, we have mx(s1) − ε1 > s1, so that
my(s1) ≥ mx(s1) − ε1 > s1, so that my(s) > s for all s < s1. Therefore ẽy ≥ s1.

Now consider s2 = ẽx + ε0 > ẽx. We have that U(x, m+
x , ẽx) ≥ U(x, e, ẽx) for all

e, hence it holds for all e > m+
x . Since s2 > ẽx, when e > m+

x we can apply
Lemma 2 to obtain that U(x, m+

x , s2) − U(x, e, s2) > U(x, m+
x , ẽx) − U(x, e, ẽx).

Since the RHS is greater than 0, the LHS is strictly greater than 0: U(x, m+
x , s2) −

U(x, e, s2) > 0 for all e > m+
x . Hence ∆+(x, mx(s2)) > 0 for all ε2, where

∆+(x, ē) := U(x, ē, s2) − maxe≥ē+ε2 U(x, e, s2). Since s2 > ẽx, we have mx(s2) ≤
ẽx < s2, so we can pick ε2 with 0 < ε2 < s2 − mx(s2). By continuity of ∆+ in
x (as in the previous paragraph), we can find δ2 > 0 s.t. |y − x| < δ2 implies
that ∆+(y, mx(s2)) − ∆+(x, mx(s2)) > −1/2∆+(x, mx(s2)) =⇒ ∆+(y, mx(s2)) >

0 =⇒ U(y, mx(s2), s2) − maxe≥mx(s2)+ε2 U(y, e, s2) > 0. This shows that all maxi-
mizers of U(y, e, s2) are strictly less than mx(s2) + ε2, which by our choice of ε2 is
strictly less than s2. Hence my(s2) < s2, so that by definition of ẽy, we have ẽy ≤ s2.

In summary, for any ε > 0, let ε0 = 1/2ε. Then we can pick δ1 and δ2 both strictly
positive s.t. when |y −x| < min{δ1, δ2}, then ẽy ∈ [ẽx −ε0, ẽx +ε0] ∈ (ẽx −ε, ẽx +ε),
so that ẽx is continuous in x. This completes the proof.
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Proposition 7. Suppose ẽx0 ∈ arg maxe U(0, e, ẽx0) for some x0 < 1. If ẽx is
Lipschitz continuous in x, then ẽx = ẽx0 for all x ≥ x0 and ẽx = mx for all x > x0.

Later on, we prove that ẽx is Lipschitz continuous in x for all-or-nothing tasks.

Proof. Let us prove that ẽx = ẽx0 for all x ≥ x0 solves the IVP. Then, assuming
that ẽx is Lipschitz continuous in x, we know that there is a unique solution to the
IVP by the Picard-Lindelöf Theorem. So the solution we found is the only solution,
which proves the proposition.

To declutter the notation, let us write c for ẽx0 .

We will now show that ẽx = c for all x > x0 solves the IVP. When ẽx = c for all
x ≥ x0, then Ex = Ex0 + (x − x0)c. Let us now show that when s = c, the person
perceives effort c as strictly better than some other effort ē considered. Let e′ be
s.t. e′(1 − x0) = (x − x0)c + (1 − x)ē. Then working at effort level e′ from period x0

onwards leads to the same total effort as working c for all periods in [x0, x], followed
by working ē from x onwards. Hence it achieves the same total benefit, but at a
lower disutility since it smoothes out the effort:

(x − x0)D̃(c|c) + (1 − x)D̃(ē|c) > (1 − x0)D̃(e′|c) (2)

Since ẽx0 = c ∈ arg maxe U(0, e, ẽx0), we have B(Ex0 + (1 − x0)c) − (1 − x0)D̃(c|c) ≥
B(Ex0 + (1 − x0)e) − (1 − x0)D̃(e|c) for every e, so it holds in particular for e′.
Hence B(Ex0 + (1 − x0)c) − (1 − x0)D̃(c|c) ≥ B(Ex0 + (1 − x0)e′) − (1 − x)D̃(e′|c) >

B(Ex0 + (1 − x0)e′) − (x − x0)D̃(c|c) − (1 − x)D̃(e|c), where the last inequality
holds by equation 2. By the definition of e′, we have that Ex0 + (1 − x0)e′ =
Ex0 +(x−x0)c+(1−x)e = Ex +(1−x)e. Similarly, Ex0 +(1−x0)c = Ex +(1−x)c.
Substituting both of these into the equation after subtracting (x−x0)D̃(c|c) on both
sides, we get:

B(Ex + (1 − x)c) − (1 − x)D̃(c|c) > B(Ex + (1 − x)e) − (1 − x)D̃(e|c)

This shows that mx(c) = c. Therefore by Corollary 2, we must have ẽx = c. This
proves that ẽx = c is a solution to the IVP, and under Lipschitz continuity of ẽx it
is the unique solution. This proves the proposition.
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Lemma 9. Let xq := sup ({0} ∪ {x : ẽx /∈ arg maxe U(x, e, ẽx)}). Then x ≥ xq ⇐⇒
ẽx ∈ arg maxe U(x, e, ẽx).

Proof. For any xH > xq, there is some xL ∈ [xq, xH) s.t. ẽxL ∈ arg maxe U(xL, e, ẽxL).
Hence by Proposition 7, for all x > xL we have ẽx = mx, so in particular
ẽxH = mxH ∈ arg maxe Uα(xH , e, ẽxH ).

If xq = 0, then this proves the claim, so assume that xq > 0. Then for any xL < xq,
we must have that ẽx /∈ arg maxe U(x, e, ẽx)): otherwise Proposition 7 would imply
that ẽx = mx ∈ arg maxe Uα(x, e, ẽx) for all x > xL, so that xq ≤ xL < xq, a
contradiction.

The following proves Proposition 2.

Proof. Let us write Uα(x, e, s) := B(Ex+(1−x)e)−(1−x) ((1 − α)D(e) − αD′(s)e),
i.e. the perceived net utility for a person with projection bias α. Then Uα(0, e, s) =
B(e)−(1−α)D(e)−αD′(s)e, since E0 = 0, and U0(0, e, s) is the true net utility, as the
person has no projection bias (α = 0). Let e∗ = min arg maxe U0(0, e, s) be the small-
est optimal effort, which is independent of s, so e∗ maximizes in particular U(0, e, e∗).
Define ᾱ := sup A where A := {α ∈ [0, 1] : Uα(0, e∗, e∗) ≥ Uα(0, e, e∗)∀e}. Note that
0 ∈ A, since e∗ maximizes U0(0, e, e∗), so ᾱ ∈ [0, 1].

Case 1: α ≤ ᾱ

Claim: αL < ᾱ =⇒ UαL(0, e∗, e∗) > UαL(0, e, e∗) for all e ̸= e∗.

Proof of claim: When ᾱ = 0, the claim is true since there is no αL < ᾱ. So consider
ᾱ > 0 and αL < ᾱ. Let us compute Uα(0, e∗, e∗) − Uα(0, e, e∗):

Uα(0, e∗, e∗) − Uα(0, e, e∗)

=B(e∗) − (1 − α)D(e∗) − αD′(e∗)e∗ −
(
B(e) − (1 − α)D(e) − αD′(e∗)e

)
=B(e∗) − D(e∗) − (B(e) − D(e)) − α

(
D(e) − D(e∗) − D′(e∗)(e − e∗))

)
Note that D(e) − D(e∗) − D′(e∗)(e − e∗) =

∫ e
e∗ D′(y) − D′(e∗)dy = (e − e∗)(D′(ȳ) −

D′(e∗)) for some ȳ that lies between e and e∗. Independent of whether e < e∗ or e∗ <
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e, this expression is strictly positive for all e ̸= e∗. This shows that Uα(0, e∗, e∗) −
Uα(0, e, e∗) is strictly decreasing in α for e ̸= e∗.

By definition of ᾱ, there is some αH ∈ (αL, ᾱ] with αH ∈ A: UαH (0, e∗, e∗) ≥
U(0, e, e∗) for all e, i.e. UαH (0, e∗, e∗)−UαH (0, e, e∗) ≥ 0 for all e. Since αL < αH , we
therefore have that UαL(0, e∗, e∗) − UαL(0, e, e∗) > UαH (0, e∗, e∗) − UαH (0, e, e∗) ≥ 0
for all e ̸= e∗. This proves the claim.

Since Uα is continuous in α (total effort is bounded by assumption), it is clear that
Uᾱ(0, e∗, e∗) ≥ Uᾱ(0, e, e∗) for all e ̸= e∗.

Therefore for αL ≤ ᾱ, we know that e∗ is a maximizer of UαL(0, e, e∗). So by
Proposition 7, ẽx = e∗ ∈ arg maxe Uα(0, e, e∗) = arg maxe Uα(0, e, ẽx). For xq :=
sup ({0} ∪ {x : ẽx /∈ arg maxe U(x, e, ẽx)}), we have that xq = 0. Since ẽx = e∗ =
e∗

0 = e∗
xq

, this proves the result for this case.

Case 2: α > ᾱ Now consider αH > ᾱ. Then by definition of ᾱ as sup A, this
implies that αH /∈ A. Hence there is some ē s.t. UαH (0, ē, e∗) > UαH (0, e∗, e∗). Thus
by Lemma 6 we know that ẽ0 /∈ arg maxe UαH U(0, e, ẽ0): if it was, then ẽ0 would
have to be the unique maximizer e∗, hence it would have to maximize UαH (0, e, ẽ0) =
UαH (0, e, e∗). But we know that UαH (0, e∗, e∗) < UαH (0, ē, e∗), so that can’t be the
case. Therefore ẽ0 /∈ arg maxe UαH (0, e, ẽ0), so that UαH (0, m0, ẽ0) > UαH (0, ẽ0, ẽ0),
which shows that m0 ̸= ẽ0. Hence, since mx ≤ ẽx for all x, we must have that
m0 < ẽ0.

By continuity of ẽx in x and of U in its arguments, there is some δ > 0 s.t. for all
x < δ we have UαH (x, m0, ẽx) > UαH (x, ẽx, ẽx) and s.t. ẽx > m0, since this holds for
x = 0. This shows that ẽx does not maximize UαH (x, e, ẽx), so that mx ̸= ẽx. Since
mx ≤ ẽx for all x, this implies that mx < ẽx.

Hence sup{x : ẽx /∈ arg maxe U(x, e, ẽx)} ≥ δ > 0, so xq > 0. Lemma 9 establishes
the remaining properties for xq, which proves this case.

A.2.2 All-or-Nothing Tasks

First, note that all-or-nothing tasks clearly have bounded effort, so it satisfies As-
sumption 1. To explore the impact of raising the benefit BF received for completing
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the task, we parameterize the benefit as µ · BF for µ ≥ 0. We write ēx = EF −Ex
1−x for

the daily effort needed from period x onwards to complete the task given how much
work is left to do. Hence we write U(x, e, s, µ) for µBF1(e ≥ ēx) − (1 − x)D̃(e|s).

Note that mx(s) := min arg maxe U(x, e, s, µ) is well-defined, since there are only
two effort levels (for any given x) that can possibly maximize utility: 0 or ēx.

Proposition 8. Consider an all-or-nothing task, with benefit µBF for the effort
EF . Let ēx = EF −Ex

1−x . Then the IVP is

Ėx = ẽx

ẽx = e(x, Ex, µ) =


0, if µBF − (1 − x)D̃(ēx|0) ≤ 0

ēx, if µBF − (1 − x)D̃(ēx|ēx) > 0

sq, if µBF − (1 − x)D̃(ēx|0) > 0 ≥ µBF − (1 − x)D̃(ēx|ēx)

with initial condition E0 = 0, BF = B(EF ) and sq satisfies µBF − D̃(ēx|sq) = 0.

Proof. By Lemma 4, we know that ẽx = inf{s : mx ≤ s}. For all-or-nothing tasks,
the person either plans to do no further work or to complete the task, since all other
levels require strictly more work for exactly the same gain. Hence mx ∈ {0, ēx}.

Suppose that µBF −(1−x)D̃(ēx|0) ≤ 0. Then 0 effort is a maximizer of the perceived
utility at s = 0, hence it is the smallest maximizer. Therefore mx(0) = 0, so that
by Corollary 2, ẽx = 0.

Suppose that µBF − (1 − x)D̃(ēx|ēx) > 0. Then ēx is the only maximizer at s = ēx,
i.e. mx(ēx) = ēx. Thus by Corollary 2, ẽx = ēx.

Finally suppose that µBF − (1 − x)D̃(ēx|0) > 0 ≥ µBF − (1 − x)D̃(ēx|ēx). Let sq

satisfy µBF − D̃(ēx|sq) = 0. Since µBF − D̃(ēx|s) is strictly decreasing in s, this sq

satisfies sq > 0 and sq ≤ ēq. Since it is strictly decreasing, for all s < sq we also have
µBF − (1 − x)D̃(ēx|s) > µBF − (1 − x)D̃(ēx|sq) = 0, hence mx(s) = ēx ≥ sq > s, so
that ẽx ≥ sq. Since at sq we have that both 0 and ēx are maximizers, mx(sq) = 0 is
the smallest maximizer, so that ẽx = sq.

I will use the following theorem (from https://www.math.washington.edu/~burke/
crs/555/555_notes/continuity.pdf):
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Theorem 1. Consider the initial value problem

x′ = f(t, x, µ), x(t0) = y

where x′ is the derivative of x(t) with respect to time. If f is continuous in t, x, µ

and Lipschitz in x with Lipschitz constant independent of t and µ, then x(t, µ, y) is
continuous in (t, µ, y) jointly.

Lemma 10. Consider e(x, E, µ) from Proposition 8. Suppose that D′′(x) > d for
some d > 0. Then e = e(x, E, µ) restricted to x ∈ [0, 1 − ε] with ε > 0 exists and
is Lipschitz continuous in x, E, and µ, on [0, 1 − ε] × [0, Ē] × [0, ū] for any finite
Ē > 0 and ū > 0.

Proof. It is clear that ẽx is Lipschitz continuous for all x, µ satisfying µBF − (1 −
x)D̃(ēx|0) ≤ 0 since it is constant and equal to 0 in this region by 8. The same is
true for all x, µ satisfying µBF −(1−x)D̃(ēx|ēx) > 0, since it is equal to ēx = EF −Ex

1−x

in this region, which is Lipschitz continuous for x < 1 − ε. Finally, we have ẽx = sq

for all other x and µ, with sq satisfying µBF − D̃(ēx|sq) = 0. This implies:

µBF − (1 − α)D(ēx) = αD′(sq)ēx ⇐⇒ sq =
(
D′)−1

(
µBF − (1 − α)D(ēx)

αēx

)

The argument on the RHS is Lipschitz in µ and ēx, and ēx is Lipschitz continuous in
Ex (since x ≤ x0 < 1). The inverse function of D′ is Lipschitz continuous if D′′ ≥ d

for some d > 0. Hence ẽx is Lipschitz also in this domain.

It is staightforward to show that where the closures of the three regions overlap, ẽx

is continuous, hence it is Lipschitz continuous on the whole domain.

This shows that ẽx is Lipschitz continuous in Ex, so that Proposition 7 applies.
Lemma 10 means we can apply Theorem 1 to obtain that E(x, µ) is continuous in
x and µ jointly.

Next, we prove that there are thresholds below which the person never works and
above which the person works efficiently on the task.

Lemma 11. Let µL be s.t. µLBF − D̃(ē0|0) = 0 and µH s.t. µHBF − D̃(ē0|ē0) = 0.
Then µ ≤ µL implies that ẽx = 0 for all x < 1, and µ ≥ µH implies that ẽx = ē0 =
EF for all x < 1.
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Proof. When µ ≤ µL, we have µBF − D̃(ē0|0) ≤ 0, so that m0 = 0, since this
maximizes the perceived utility at s = 0. Therefore ẽ0 = 0 maximizes perceived
utility at s = 0, so that Proposition 7 implies that ẽx = ẽ0 = 0 for all x < 1.

When µ > µH , we have that µBF − D̃(ē0|ē0) > 0. Thus by Proposition 8 we know
that ẽ0 = ē0 which thus maximizes perceived utility at s = ē0. So by Proposition 7,
ẽx = ẽ0 = ē0 = EF for all x < 1.

Finally, when µ = µH , we have µBF − D̃(ē0|ē0) = 0. Hence by Proposition 8, we
know that ẽ0 = sq with sq satisfying µBF − D̃(ē0|sq) = 0. Since this is solved by ē0,
we have sq = ē0, so that ẽ0 = ē0. This maximizes the perceived utility at ē0 = sq,
thus Proposition 7 again implies that ẽx = ẽ0.

This completes the proof.

Lemma 12. Suppose that µ > µ′, with xq(µ′) > 0. Then Ex(µ) > Ex(µ′) for
all x ∈ (0, 1). Letting q = xq(µ) and q′ = xq(µ′), we have that either q ≤ q′ and
ẽq(µ) = ēq(µ) (the µ-type completes the task efficiently) or q′ < q and ẽq(µ′) = 0 (the
µ′-type never works at all after period q′). Moreover, when q = q′, then ẽq(µ′) = 0.

Proof. I will refer to the agent facing benefits µB as the µ-type. As a reminder,
xq := sup{x : ẽx /∈ arg maxe U(x, e, ẽx)}.

First, notice that independent of µ, when x ≤ xq, we know from Proposition 2
that mx < ẽx, and in general we have m−

x ≥ ẽx (Lemma 5). Hence we have
mx < m−

x and at s = ẽx, we have U(x, mx, ẽx) = U(x, m−
x , ẽx) so that there are

at least two different maximizers at s = ẽx. For all-or-nothing tasks, these must
be 0 and ēx, hence mx = 0 and m−

x = ēx = EF −Ex
1−x . Thus for x ≤ xq, we have

U(x, 0, ẽx) = U(x, ēx, ẽx) ⇐⇒ 0 = BF − (1 − x)D̃(ēx|ẽx).

Let q = xq(µ) and q′ = xq(µ′). Then for all x ≤ min{q, q′}, we have that

µBF − (1 − x)D̃(ēx(µ)|ẽx(µ)) = 0 = µ′BF − (1 − x)D̃(ēx(µ′)|ẽx(µ′)) (3)

At x = 0, we have E0(µ) = E0(µ′) = 0 ⇐⇒ ē0(µ) = ē0(µ′). Since µ′ < µ, it is
clear that ẽ0(µ′) < ẽ0(µ).

Claim: ẽx(µ′) < ẽx(µ) for all x ≤ min{q, q′}. Suppose not, so that there is x ≤
min{q, q′} with ẽx(µ′) ≥ ẽx(µ). Then, since ẽ0(µ′) < ẽ0(µ) and since ẽx(µ) is
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continuous in x, there is some minimum x0 s.t. ẽx0(µ′) = ẽx0(µ) with x > 0. So
for all x < x0, we have ẽx(µ′) < ẽx(µ), hence Ex0(µ′) < Ex0(µ). Then equation 3
implies ẽx0(µ′) < ẽx0(µ), a contradiction. This proves the claim.

By Proposition 2, we know that at xq the person starts working efficiently, which in
the case of all-or-nothing tasks implies that the person either stops working entirely,
or works efficiently on completing the task by working ēx.

Case 1: Suppose q ≤ q′. We have that ẽx(µ) = ẽq(µ) for all x ≥ q, and ẽq(µ) is
either 0 or ēq(µ). If ẽq(µ) = 0, then the claim above implies that ẽq(µ′) < ẽq(µ) = 0,
which is not possible. Thus we must have ẽq(µ) = ēq(µ) and the person works
efficiently towards completing the task.

We can now show that Ex(µ) > Ex(µ′) for all x < 1, not just all x ≤ q. Consider
x = q. From this period on, the µ-type is working efficiently. The µ′-type is behind
this person (meaning Exq (µ′) < Exq (µ)), but always plans to work efficiently, even
though they may end up quitting before having worked as planned. If they follow
their plan, they catch up with the µ-type in period x = 1, so they never plan on
catching up before time x = 1. Yet, they end up working at most as much as
planned, and initially less than planned, so they catch up less or at most as much
as planned. So they never catch up before x = 1.

Finally note that we cannot have q = q′ with the µ′-type working efficiently from
q′ on, since then q = q′ > 0 (by the Lemma’s assumption). That implies Eq(µ) >

Eq(µ′) which implies ēq(µ) < ēq(µ′), contradicting our claim above. Thus when
q = q′, then the µ′-type never works from x = q on.

This proves the result when q ≤ q′.

Case 2: Suppose that q > q′. Since q′ > 0, we know that Eq′(µ′) < Eq′(µ).
Suppose that ẽq′(µ′) = ēq′(µ′), meaning that the person works towards completing
the task efficiently. The above claim shows that ẽq′(µ) > ẽq(µ′) so that ẽq′(µ) >

ẽq′(µ′) = ēq′(µ′) = EF −Eq(µ′)
1−q >

EF −Eq(µ)
1−q = ēq(µ). This would imply that the µ-

type works more than is efficient, which cannot happen. Hence ẽq′(µ′) = 0: the
µ′-type stops working entirely. That implies that Ex(µ′) = Eq′(µ′) for all x ≥ q′.
Thus Ex(µ) ≥ Eq′(µ) > Eq′(µ′) = Ex(µ′) for all x ≥ q′, which proves the claim
when q > q′.

Toghether, these prove that Ex(µ) > Ex(µ′) for all x ∈ (0, 1).
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Lemma 13. Let D be convex with D′(e) → ∞ as e → ∞. Then ∀K > 0, ∃E s.t.
D(e) > K · e ∀e > E. That is, D(e)/e → ∞ as e → ∞.

Proof. Since D′(e) → ∞, pick E s.t. D′(E
2 ) > 2 · K. Then for e > E

D(e) =
∫ e

0
D′(s)ds ≥

∫ e

E/2
D′(s)ds ≥

∫ E

E/2
2 · Kds ≥ e

22 · K = e · K

Lemma 14. Consider the bounded effort case, then µC := inf{µ : E1(µ) = 1}
satisfies µC ∈ (µL, µH), where E1(µ) = limx→1 Ex(µ).

Proof. Pick sM so large that αD′(sM )1
4EF > BF . Then pick x̄ so close to 1 that

(1 − x̄) · sM < 1
4EF with x̄ > 3

4 . We have Ex̄(µL) = 0 and that Ex̄(µH) = x̄ · EF >
1
2EF since x̄ > 3

4 > 1
2 . By continuity of Ex(µ) in µ for all x < 1, there is some µ′

s.t. Ex̄(µ′) = 1
2EF .

Claim: If EF − Ex > 1
4EF , then ẽx < sM . EF − Ex > 1

4EF implies that
(1 − x)D̃(ēx|sM ) = (1 − x)(1 − α)D(ēx) + (1 − x)αD′(sM )ēx ≥ αD′(sM ) (EF −Ex)

1−x ≥
αD′(sM )(EF − Ex) > αD′(sM )1

4EF > BF . Thus BF − (1 − x)D̃(ēx|sM ) < 0 and
the person stops working before reaching sM , proving the claim.

Claim: for all x > x̄, ẽx < sM . Note that we have that EF − Ex̄ = 1/2EF >

1/4EF , so the previous claim shows that ẽx̄ < sM . Suppose, by contradiction, that
the claim does not hold. Thus, since ẽx̄ < sM and by continuity of ẽx, there is
minimum x′ s.t. ẽx′ = sM . For x′′ ∈ (x̄, x′), we have ẽx′′ < sM , hence Ex′ <

Ex̄ + sM (x′ − x̄) < Ex̄ + sM (1 − x̄) < Ex̄ + 1
4EF < 3

4EF . Thus EF − Ex′ > 1
4EF

and the previous claim then implies that ẽx′ < sM , a contradiction. This proves the
claim.

We have thus established that Ex̄(µ′) = 1
2EF and ẽx′ < sM for all x′ ≥ x̄, so that

Ex′ < 1
2EF +(x′ − x̄)sM < 3

4EF . Since Ex = 1
2EF ̸= 0, and since E1(µ) is increasing

in µ, we have µ′ > µL. Moreover, since E1(µ′) ≤ 3
4EF < E1, we have µ′ ≤ µC , since

E1(µ) is increasing in µ (as Ex(µ) is increasing in µ.). Thus µC > µL.

To show that µC < µH , let us fix x. Then by continuity of D̃(e|e) in e, we
can pick a δ > 0 s.t. for µ′ < µH with |µH − µ′| < δ, we have BF − (1 −
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x)D̃(ēx(µ′)|ēx(µ′)) > BF − (1 − x)D̃(ēx(µH)|ēx(µH)) − ε = xD̃(ēx(µH)|ēx(µH) − ε,
since BF −D̃(ēx(µH)|ēx(µH)) = 0 by definition of µH . When ε is small enough, this
expression is strictly positive, so the person works efficiently towards completing
the task in period x and hence in all future periods by Proposition 2. Hence she
completes it, which implies that µ′ ≥ µC , so that µH > µ′ ≥ µC .

We now prove Proposition 3.

Proof. Write B = µBF , for some fixed BF , then we will establish the result for the
range of µs instead of for B.

Let µL be determined via µLBF − D̃(ē0|0) = 0 ⇐⇒ µL = (1 − α)D(EF ) since
ē0 = EF . Let µH be determined via µHBF − D̃(ē0|ē0) = 0 ⇐⇒ µH = (1 −
α)D(EF ) + αEF · D′(EF ). Then by Lemma 11, we know that for µ ≤ µL the person
exerts 0 effort in all periods, and for µ ≥ µH the person exerts effort ē0 = e∗ in all
periods.

From Lemma 14, we know that µC ∈ (µL, µH). We only need to establish the results
when µ ∈ (µL, µC) and when µ ∈ (µC , µH).

Claim: Consider µ ∈ (µL, µH). Then xq > 0.

µ ∈ (µL, µH) implies that µBF − D̃(ē0|0) > µLBF − D̃(ē0|0) = 0 and that µBF −
D̃(ē0|ē0) < µHBF − D̃(ē0|ē0) = 0. Hence by Proposition 8, we know that ẽ0 = sq

with BF − D̃(ē0|sq) = 0. Given the inequalities just establishe, such sq is strictly
between 0 and ē0, so that ẽ0 ∈ (0, ē0). Since ẽx and ēx are both continuous in x,
there is some δ > 0 s.t. ẽx ∈ (0, ēx) for all x < δ, therefore ẽx /∈ arg maxe U(x, e, ẽx),
since the only possible maxima are 0 and ēx. Therefore xq from Proposition 2 is
strictly greater than δ, which proves the claim.

Claim: µ ∈ (µL, µC) implies xq < 1 , and ẽx = 0 for all x ≥ xq.

µ ∈ (µL, µC) =⇒ E1(µ) ∈ (0, EF ). Let ε > 0 be s.t. ε < EF − E1(µ). Then
for every x < 1, Ex(µ) ≤ E1(µ) =⇒ ēx = EF −Ex(µ)

1−x ≥ EF −E1(µ)
1−x > ε

1−x . Hence
BF −(1−x)D̃(ēx|0) = BF −(1−x)(1−α)D(ēx) < BF −(1−α)(1−x)D(ε/(1−x)) =
BF − (1 − α)ε · D(y)/y where y = ε/(1 − x). As x → 1, y → ∞, so by Lemma 13,
D(y)/y → ∞. This implies that there is some x0 < 1 with y = ε/(1 − x0) s.t.
BF − (1 − α)εD(y)/y < 0. Hence BF − D̃(ēx0 |0) < 0, so that by Proposition 7 we
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have that ẽx = 0 for all x ≥ x0. Thus xq ≤ x0 < 1. Since ẽx = e∗
xq

for all x > xq by
Proposition 2 and since ẽx = 0 for all x ≥ x0 ≥ xq, we must have that ẽx = 0 for all
x ≥ xq (not just for all x ≥ x0). This proves the claim.

Claim: µ ∈ (µC , µH) implies xq < 1 and ẽx = ẽxq = ēxq for all x ≥ xq.

µ ∈ (µC , µH) implies that E1(µ) = EF , and that xq(µC) > 0. Therefore Lemma
12 implies that Ex(µ) > Ex(µC) for all x ∈ (0, 1). Moreover, Ex(µ) < Ex(µH) =
x · EF < EF , that is the person never finishes the task before period x = 1. That
means that ẽx > 0 for all x < 1, since if ẽx = 0 for some x, then it is 0 for all
following periods (Proposition 7), so that E1 = Ex < EF , a contradiction.

Consider µ′ = µ − ε > µC . Then for both µ and µ′, we know that E1 = EF , so we
know that they both work on all days. Let q = xq(µ) and q′ = xq(µ′). We know
from Lemma 12 that either q < q′ and thus the µ-type completes the task efficiently,
as we want. Or q′ < q and the µ-type does not work at all from q′ onwards, which
contradicts the fact that they work on all days (necessary for completing the task).
Or q′ = q, in which case µ′ stops working entirely from q′ on, which also contradicts
that Eq(µ′) = 1. This proves the claim.

Let us now show that xq(µ) is continuous in (µL, µC). Consider µ ∈ (µL, µC), then
we know that xq(µ) ∈ (0, 1) and ẽx(µ) = 0 for all x ≥ xq(µ). At x = xq(µ), the
person at time s = 0 is indifferent between 0 work and working towards the optimal
amount of work: U(x, ēx(µ), 0, µ) = 0. Consider µC > µ′ > µ, so that Ex(µ′) >

Ex(µ), which implies ēx(µ′) < ēx(µ). Therefore µ′BF − (1 − x)D̃(ēx(µ′)|0) > µBF −
(1 − x)D̃(ēx(µ)|0) = 0, so ẽx(µ′) > 0. Hence xq(µ′) > xq(µ). However at x =
xq(µ) + ε, we have U(x, Ex(µ), ēx(µ), 0) < 0, so that when µ′ is sufficiently close to
µ, we also get U(x, Ex(µ′), ēx(µ′), 0) < 0, so that the person never works past xq +ε,
proving that it is continuous.

Virtually identical arguments work when µ ∈ (µC , µH).

Finally, let us prove that xq → 1 as µ → µC . Fix some x̄ < 1. Let E−
x̄ be the

quantity for which the person is exactly indifferent between no effort and full effort
at time x̄ and s = 0. When µ > µL, we know that µBF − D̃(EF |0) > 0, so
µBF − (1 − x̄)D̃(EF |0) > 0. Hence E−

x̄ < (1 − x̄)EF . By continuity of Ex̄(µ) in µ,
and given that Ex̄(µH) = (1 − x̄)EF , we can pick some µ− s.t. Ex̄(µ) = E−

x̄ . Then
0 ∈ arg maxe{U(x̄, e, 0, µ−)}, and thus by Proposition 7, we know that the person
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never works in the following periods. It is also clear that the person works in all
preceding periods: we know that by period x̄ the person has completed E−

x̄ , so if
they no longer did any work from period x′ < x̄ onwards, then Ex′(µ) = Ex̄(µ), but
then they would not be indifferent between no work and full work at the start of
period x′, but strictly prefer working.

This proves that µ < µC (the person does not complete the task) and xq = x̄. Since
x̄ was arbitrary, we can let it converge to 1. Since xq(µ) is increasing in µ, that
implies that xq(µ) → 1 as µ → µC from below.

The same line of reasoning works from above, showing that xq → 1 as µ → µC from
above.

This completes the proof.

I now state a Lemma that used to prove Proposition 4.

Lemma 15. Let Rx := BF − (1 − x)D(ēx) be the utility as of period x from doing
the remaining effort to complete the task (ignoring past sunk costs). Then:

• D′′′ > 0 and Rx ≥ 0 implies Ṙx > 0, with

• D′′′ < 0 and Rx ≤ 0 implies Ṙx < 0

• D′′′ = 0, then sign(Rx) = sign(Ṙx)

Proof. First I prove that when D′′′ < 0, a task that is (weakly) worth doing in
period x becomes strictly more worth doing in times x′ > x given how the person
works on it.

The result is trivial when the person works strictly efficiently in period x. The task
being worth doing means BF − (1 − x)D(ēx) ≥ 0, so that the person exerts strictly
positive effort on it in period x, but not full. This means that in the IVP from
Proposition 8, we are in the case where ẽx = sq(x).
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Then the change in actual (not perceived) net utility over time is

d

dx
(BF − (1 − x)D(ēx)) = D(ēx) − (1 − x)D′(ēx) d

dx
ēx

= D(ēx) − (1 − x)D′(ēx) ēx − sq(x)
1 − x

= D(ēx) − D′(ēx)(ēx − sq(x))

where I plugged in the value for the derivative of ēx from the following derivation:

d

dx
ēx = d

dx

EF − Ex

1 − x
= −Ėx(1 − x) + (EF − Ex)

(1 − x)2 = ēx − Ėx

1 − x
= ēx − sq(x)

1 − x

since Ėx = ẽx = sq(x).

We know that BF ≥ D(ēx), which we use in the implicit definition of sq(x): 0 =
BF − (1 − α)D(ēx) − αD′(sq(x)) · ēx ≥ D(ēx) − (1 − α)D(ēx) − αD′(sq(x)) · ēx =
α (D(ēx) − D′(sq(x)) · ēx) =⇒ D′(sq(x)) · ēx ≥ D(ēx). (Note that similarly BF ≤
D(ēx) =⇒ D′(sq(x)) · ēx ≤ D(ēx).)

Looking at Figure 2 (a), we see that the region under the horizontal line through
the point (sq, D′(sq)) has the area D′(sq(x)) · ēx, and the blue area under the curve
D′ has the area D(ēx). We have thus shown above that when BF ≥ D(ēx), the blue
area is smaller than the area under the horizontal line. But the difference in these
two areas is X − Y , where X and Y are the labelled areas Figure 2 (b). We thus
have X ≤ Y .

But from the concavity of D′ (since D′′′ < 0), it is clear in Figure 2 (b) that Z > Y

and X > W , hence Z > Y ≥ X > W =⇒ Z > W . Finally, since D(ēx) = X+Z+V

and D′(ēx)(ēx − sq) = W + X + V , we have that D(ēx) − D′(ēx) · (ēx − sq(x)) =
Z − W > 0. Hence the net utility strictly increases with x.

When BF ≤ D(ēx) and D′′′ > 0, an exactly analoguous argument shows that the
net utility strictly decreases with x.

Finally, when D′′′ = 0, the arguments above yield weak inequalities when Rx = 0.
But when using Rx > 0, they yield strict inequalities, as needed for the Lemma.

We can now prove Proposition 4.
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(a) (b)

Figure 2: Comparing areas of regions

Proof. Suppose we start with a task such that BI = D(ē0) in period 0 – the unbiased
person is indifferent between doing the task efficiently and not doing it. Then when
D′′′ < 0, we know that the task becomes strictly better with x from Lemma 15. This
means that the person always works at least a little each day, since at time s = 0
in period x, she overestimates the value of the task. Therefore for every x < 1, the
person exerts some effort on the task, which implies that BF ≥ BC from Proposition
3, since if BF < BC then the person does not work at all for all x > xq with xq < 1.

To show that BI > BC , note time x = 0.5. The remaining task has strictly positive
value from being completed efficiently (ignoring past sunk costs). That is, BI −
(1 − 0.5)D(ē0.5(BI)) > 0. By continuity of ē0.5(B) in B, there is some B′

I < BI s.t.
ē0.5(B′

I) satisfies B′
I − (1 − 0.5)D(ē0.5(B′

I)) = 0. Since this task becomes strictly
better as the person works on it, it becomes strictly worth doing after some time,
and therefore the person works on all days, so this task is also completed. Hence
BI > B′

I ≥ BC . So there are BF ∈ (BC , BI) with BF < BI = D(EF ) that she
completes, despite them not being worth completing even efficiently.

An analoguous argument shows that when D′′′ > 0, then BI < BC , which shows
that there are some tasks that are strictly worth doing, yet the person does not
complete them. The same is true for D′′′ = 0, which completes the proof.
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A.3 Proofs for Section 5

Lemma 16. Let F (x, y) be a strictly concave real-valued function on some convex
domain. Then G(x) := maxy F (x, y) is strictly concave in x.

Proof. Let y(x) = arg maxy F (x, y) which exists and is unique by strict concavity
over a convex domain. Consider a and b with βa + (1 − β)b = x for some β ∈ (0, 1),
and c ∈ arg maxy F (a, y) and d ∈ arg maxy F (b, y). So G(a) = F (a, c) and G(b) =
F (b, d). Let z = βc + (1 − β)d. Then

βG(a) + (1 − β)G(b) = βF (a, c) + (1 − β)F (b, d) < F (x, z) ≤ max
y

F (x, y) = G(x)

where the strict inequality holds by strict concavity of F (·, ·). This proves the
claim.

Proof of proposition 5:

Proof. Since x and Ex are constants during period x, I will drop them from the list
of arguments in what follows. I remind the reader that the period-x flow utility is
US(eS , eL, s) = UL(eL, eS , s) = BS(eS) + B

′
L(Ex + (1 − x)pL(s)) · eL − D̃(eS + eL|s),

where pL(s) is the effort the person plans (at time s) to exert on the long-term task
in future periods. Note that Ui is strictly concave as a function of eS and eL. In
what follows, i, j ∈ {S, L}, with i ̸= j, i being the task done first, j the task done
second. From Definition 4 we have that ẽi(x) = inf{s : Vi(e, s) < Vi(s, s), ∀e > s},
where Vi(e, s) = maxej Ui(ei, ej , s). Since Ui is strictly concave in ei and ej , Vi(ei)
is strictly concave in ei by Lemma 16. It is clear that V is also strictly decreasing
in s, and since ∂2

∂e∂sU = −αD′′(s) < 0, we also have that ∂2

∂e∂sV < 0.

Let ẽi(s) be the unique maximizer of Vi(ei, s) – the amount of effort planned after
s hours of work – and ẽi the actual amount of effort done in period x. Then from
Lemma 1, we know that ẽi = ẽi(ẽi). It thus satisfies the FOCs at time s = ẽi,
because it is the planned (and hence perceived optimal) effort. So we will first solve
the FOCs for planned effort for arbitrary s, then plug in the correct value for s.
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From Definition 4 we have that

ẽj(x) = inf{s − ẽi : Uj(ej , ẽi, s) < Uj(s − ẽi, ẽi, s), ∀ej > s − ẽi}

= inf{s : Uj(ej , ẽi, s + ẽi) < Uj(s, ẽi, s + ẽi), ∀ej > s}

= inf{s : U+
j (ej , ẽi, s) < U+

j (s, ẽi, s), ∀ej > s}

where U+
j (ej , ei, s) = Uj(ej , ei, s + ẽi)), a translation of Uj by the constant ẽi

in the s-dimension. Lemma 1 applies, so that ẽj = arg maxej
U+

j (ej , ẽi, ẽj) =
arg maxej

Uj(ej , ẽi, ẽj + ẽi).

Case 1: Long-term task done first First we solve for the effort on the long-
term task and the planned (not actual) effort on the short-term task at the time the
person stops working on the long-term task.

We have 4 unknowns, two ei’s that maximize period x flow utility and two pi’s that
maximize total future utility denoted by T (x, E, pL, pS , s) = BS(pS(s)) + BL(E +
(1 − x) · pL(s)) − (1 − x) · D̃(pS(s) + pL(s)|s). (Note: ∂xF denotes ∂F/∂x.)

∂eLVL(ẽL(s), s) = 0 =⇒ B
′
L(Ex + (1 − x)pL(s)) = D̃(ẽS(s) + ẽL(s)|s)

∂eS UL(ẽL(s), ẽs(s), s) = 0 =⇒ B
′
S(ẽS(s)) = D̃

′(ẽS(s) + ẽL(s)|s)

∂pLT (pL(s), pS(s), s) = 0 =⇒ B
′
L(Ex + (1 − x)pL(s)) = D̃

′(pS(s) + pL(s)|s)

∂pS T (pL(s), pS(s), s) = 0 =⇒ B
′
S(pS(s)) = D̃

′(pS(s) + pL(s)|s)

The last two conditions do not depend on effort in period x (which contribute only
infinitesimally). Any solution (pL(s), pS(s)) to the final two equations is also a
solution to the first two FOCs, with eL(s) = pL(s) and eS(s) = pS(s), which are the
unique solutions by strict concavity. Hence we can rewrite the FOCs for period-x
effort while working on the long-term task as

B
′
S(ẽS(s)) = D̃

′(ẽS(s) + ẽL(s)|s) = B
′
L(Ex + (1 − x)ẽL(s))

Plugging in s = ẽi = ẽL for the time at which the person stops working on the
long-term task, actual long-term effort ẽL and planned short-term effort (at that
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time) are determined by:

B
′
S(ẽS(ẽL)) = D̃

′(ẽS(ẽL) + ẽL|ẽL) = B
′
L(Ex + (1 − x)ẽL) (4)

Let E = 0 and x = 0 to solve for eL,0, the effort on the long-term task in period
x = 0.

Claim: long-term effort is constant at ẽL,x = ẽL,0. We will show that
ẽL,x = ẽL,0 and ẽS(ẽL,x) = ẽS(ẽL,0) solve the IVP. Substituting both into the FOC
(equation 4), we get

B
′
S(ẽS(ẽL,0)) = D̃

′(ẽS(ẽL,0) + ẽL,0|ẽL,0) = B
′
L(Ex + (1 − x)ẽL,0)

Plugging Ẽx′ =
∫ x′

0 ẽL,xdx = x′ · ẽL,0 into this, we have

B
′
S(ẽS(ẽL,0)) = D̃

′(ẽS(ẽL,0)+ẽL,0|ẽL,0) = B
′
L(Ex+(1−x)ẽL,0) = B

′
L(x·ẽL,0+(1−x)ẽL,0) = B

′
L(ẽL,0)

which is the FOC solved by ẽL,0 and ẽS(ẽL,0), so it holds for all x, proving the claim.

Moving to the actual effort spent on the short-term task, ẽS , we showed that it
satisfies ẽj = arg maxej

Uj(ej , ẽi, ẽj + ẽi), where in our current case i = L and j = S.
The FOC is:

∂eS US(ẽS , ẽL, ẽS + ẽL) = 0 ⇐⇒ B
′
S(ẽS) = D̃

′(ẽS + ẽL|ẽS + ẽL) = D
′(ẽS + ẽL)

where the last equality follows because D̃
′(s|s) = (1 − α)D′(s) + αD

′(s) = D
′(s).

Since we established that ẽL = ẽL,0, we immediately see that ẽS = ẽS,0, so that
short-term effort is the same in every period as well.

We can compare these to the FOCs for the optimal effort levels:

B
′
S(e∗

S) = D′(e∗
S + e∗

L) = B
′
L(e∗

L) (5)

This is similar to the FOCs at the time the person stops working on the long-
term task, except that the marginal disutility is replaced by D̃

′(·|ẽL). Denote by
f∗ := e∗

S + e∗
L the total optimal level. It is straightforward to show that ẽL <

f∗: if not, then D′(ẽS(ẽL) + ẽL|ẽL) > D̃
′(e∗

S + e∗
L|ẽL) ≥ D′(e∗

S + e∗
L). But then
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B
′
L(e∗

L) < B
′
L(ẽL) =⇒ e∗

L > ẽL, which is a contradiction. So ẽL < f∗. Let
f̃(ẽL) := ẽL + ẽS(ẽL) be the total effort the person plans at time s = ẽL.

Claim: D̃
′(f̃(ẽL)|ẽL) < D

′(f ∗). Suppose not. Then D̃
′(f̃(ẽL)|ẽL) ≥

D
′(f∗) =⇒ B

′
L(ẽL) = B

′
S(ẽS(ẽL)) ≥ B

′
L(e∗

L) = B
′
S(e∗

S) =⇒ ẽL ≤ e∗
L and ẽS(ẽL) ≤

e∗
S . So f̃(ẽL) ≤ f∗. Then D̃

′(f̃(ẽL)|ẽL) < D̃
′(f̃(ẽL)|f̃(ẽL)) = D′(f̃(ẽL)) ≤ D′(f∗),

so that BL(ẽL) < BL(e∗
L) =⇒ ẽL > e∗

L and similarly ẽS(ẽL) > e∗
S , contradicting

f̃(ẽL) ≤ f∗. This proves the claim by contradiction.

Using the claim, we have D̃
′(f̃(ẽL)|ẽL) < D

′(f∗) =⇒ B
′
L(ẽL) < B

′
L(e∗

L) =⇒ ẽL >

e∗
L.

The FOC for the short-term task is B
′
S(ẽS) = D

′(ẽS + ẽL) compared to the one for
the optimum which is B

′
S(e∗

S) = D
′(e∗

S + e∗
L), with ẽL > e∗

L. We have D
′(e∗

S + ẽL) >

D
′(e∗

S + e∗
L) = B

′
S(e∗

S), and D
′(e + ẽL) − B

′
S(e) is strictly increasing in e (by strict

convexity and concavity of D and B), equal to 0 at ẽS and strictly positive at e∗
S .

Hence ẽS < e∗
S , which in turn implies that D

′(ẽS + ẽL) = B
′
S(ẽS) > B

′
S(e∗

S) =
D

′(e∗
S + e∗

L) =⇒ ẽS + ẽL > e∗
S + e∗

L, proving the results for case 1.

Case 2: Short-term task done first Following identical arguments as in
case 1, but with the order of tasks changed, we get that the amount of short-term
work is determined first via the following FOCs:

B
′
S(ẽS) = D̃

′(ẽS + ẽL(ẽS)|ẽS) = B
′
L(Ex + (1 − x)ẽL(ẽS)) (6)

The FOCs for ẽL depend on planned pL(s) and pS(s) which still change after deciding
on ẽS , so it is determined by the following three FOCS, where f̃ = ẽS +ẽL determines
ẽL = f̃ − ẽS since ẽS is fixed once the person works on the long-term task:

B
′
L(Ex + (1 − x)pL(f̃)) = D̃

′(f̃ |f̃) = D
′(f̃)

B
′
L(Ex + (1 − x)pL(f̃)) = D̃

′(pS(f̃) + pL(f̃)|f̃)

B
′
S(pS(f̃)) = D̃

′(pS(f̃) + pL(f̃)|f̃)

From the first two equations, we see that f̃ = pL(f̃) + pS(f̃), i.e. the person plans
to exert the same total effort in all periods when stopping – but without necessarily
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splitting it across the two tasks the same as today. So we get relevant FOCs:

B
′
S(pS(f̃)) = D

′(pS(f̃) + pL(f̃)) = B
′
L(Ex + (1 − x)pL(f̃)) (7)

with ẽL = f̃ − ẽS = pL(f̃) + pS(S̃) − ẽS .

We are going highlight the dependence on x explicitly again and write ẽi(x) for the
actual effort exerted on task i in period x, and f̃(x) for the total effort across both
tasks.

First, note that ẽS(x) > pS(f̃(x)) as long as ẽS(x) > 0: in that case, ẽS(x) is interior
and solves the FOC exactly. Both ẽS(x) and pS(x) solve the same FOCs but with a
higher s for pS(f̃(x)) than for ẽS(x), i.e. a higher perceived marginal disutility for
ẽS(x) than pS(f̃(x)) – so they plan to work less.

Then ẽL(x) = pL(f̃(x)) + pS(f̃(x)) − ẽS(x) < pL(f̃(x)). By continuity in x, there is
some δ s.t. ẽL(x′) < pL(f̃(x)) for all x′ ∈ [x, x + δ), so that

Ex+δ < Ex + δpL(f̃(x)) ⇐⇒ Ex+δ − Ex < δpL(f̃(x)) (8)

Claim: f̃(x + δ) > f̃(x) when ẽS > 0, with equality if ẽS = 0. Suppose
the claim does not hold, so that f̃(x + δ) ≤ f̃(x). The relevant FOCs are:

B
′
L(Ex+δ + (1 − x − δ)pL(f̃(x + δ))) = D

′(f̃(x + δ)) = B
′
S(pS(f̃(x + δ)))

B
′
L(Ex + (1 − x)pL(f̃(x))) = D

′(f̃(x)) = B
′
S(pS(f̃(x)))

If f̃(x + δ) ≤ f̃(x), then D
′(f̃(x + δ)) ≤ D

′(f̃(x)) so that B
′
S(pS(f̃(x + δ))) ≤

B
′
S(pS(f̃(x))) =⇒ pS(f̃(x + δ)) ≥ pS(f̃(x)) and also

B
′
L(Ex+δ + (1 − x − δ)pL(f̃(x + δ))) ≤ B

′
L(Ex + (1 − x)pL(f̃(x)))

=⇒ Ex+δ + (1 − x − δ)pL(f̃(x + δ)) ≥ Ex + (1 − x)pL(f̃(x))

=⇒ Ex+δ − Ex − δpL(f̃(x)) ≥ (1 − x − δ)(pL(f̃(x)) − pL(f̃(x + δ)))

=⇒ 0 > (1 − x − δ)(pL(f̃(x)) − pL(f̃(x + δ))) using equation 8

=⇒ pL(f̃(x + δ)) > pL(f̃(x))
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where the strict inequality holds only when ẽs > 0. Together these imply that
f̃(x + δ) = pS(f̃(x + δ)) + pL(f̃(x + δ)) > pS(f̃(x)) + pL(f̃(x)) = f̃(x), which is a
contradiction and thus shows the claim.

Claim: ẽS(x) > ẽ(x + δ). We prove this claim like the previous claim via
contradiction: suppose that ẽS(x) ≤ ẽ(x + δ). Note that in the following FOCs,
I write with abuse of notation f̃(x) for f̃(x|ẽ(s)), i.e. the total work planned at time
ẽS(x) to reduce notation. The relevant FOCs are:

B
′
L(Ex+δ + (1 − x − δ)pL(ẽS(x + δ))) = D̃

′(f̃(x + δ)|ẽs(x + δ)) = B
′
S(ẽS(x + δ))

B
′
L(Ex + (1 − x)pL(ẽS(x))) = D̃

′(f̃(x)|ẽs(x)) = B
′
S(ẽS(x))

If ẽS(x + δ) ≥ ẽS(x) then:

B
′
S(ẽS(x)) ≥ B

′
S(ẽS(x + δ))

=⇒ B
′
L(Ex+δ + (1 − x − δ)pL(ẽS(x + δ)) ≤ B

′
L(Ex + (1 − x)pL(ẽS(x)))

=⇒ Ex+δ + (1 − x − δ)pL(ẽS(x + δ) ≥ Ex + (1 − x)pL(ẽS(x))

=⇒ Ex+δ − Ex − δpL(ẽS(x)) ≥ (1 − x) (pL(ẽS(x) − pL(ẽS(x + δ)))

=⇒ 0 > pL(ẽS(x) − pL(ẽS(x + δ))

Adding this to the assumed inequality, noting that pS(ẽS(x)) = ẽS(x), we have
f̃(x + δ) = pL(ẽS(x + δ)) + pS(ẽS(x + δ)) = pL(ẽS(x + δ)) + ẽS(x + δ) > pL(ẽS(x)) +
ẽS(x) = f̃(x). So D̃

′(f̃(x + δ)|ẽS(x + δ)) > D̃
′(f̃(x)|ẽS(x)), which from the FOCs

implies that B
′
S(ẽS(x + δ)) > B

′
S(ẽS(x)) so that ẽS(x + δ) < ẽS(x), contradicting

our initial assumption and thus proving the claim.

Now let us denote again by f̃(x) the total effort done in period x. Then since
f̃(x) is strictly increasing in x and ẽS(x) is strictly decreasing, we must have that
ẽL(x) = f̃(x) − ẽS(x) is strictly increasing over time.

This proves all the claims except that Ex < E∗
x. (Once ẽS = 0, it is easy to show that

effort on the task is optimal given Ex – so the effort stays constant.) We proved above
that ẽL < pL(f̃), and the latter is the optimal effort level conditional on the amount
of effort exerted so far. Thus at x = 0, the effort is initially lower than optimal,
so by continuity we can find δ such that effort is lower than optimal, so Eδ < E∗

δ .
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This never changes: suppose not, so that there was a first time (by continuity of
Ex) x̄ with Ex̄ = E∗

x̄. We know that ẽL(x̄) ≤ pL(x̄). Thus since ẽL(x) is increasing
over time (and strictly so initially when ẽS > 0), we have ẽL(x′) ≤ pL(f̃(x̄)) for all
x′ < x̄. Since pL(f̃(x̄)) is the optimal effort going foward in period x̄ when having
done Ex̄ = E∗

x̄, it must be equal to the optimal effort level x̄e∗
L, since at time x̄ the

person has completed the optimal effort level, albeit in a non-constant fashion. But
then ẽL(x′) ≤ pL(f̃(x̄)) = e∗

L(x̄) for all x′ < x̄ with strict inequality for all x′ < δ,
so that Ex̄ =

∫ x̄
0 ẽL(x′)dx′ < x̄e∗

L = E∗
x̄, a contradiction.

This completes the proof.
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